UNIVERSAL 

LIBRARY 


OU 214758 


UNIVERSAL 

LIBRARY 



r EEATISB 

ON 

TRILINEAR CO-ORDINATES, 

INTENDED CHIE^tf FOR THE UStf OF 
JWOIDDEKTS. 



C. J. C. PRICE, M.A., 


FELLOW AND LECTURES OP EXETEB COLLEGE, OXFOBD. 




OXFORD and LONDON: 

JOHN HENBY, and, JAMES PARKEI 
j866. 



UJrititeb bn <£omm»rket, $*forb 



CONTENTS. 


vii 

akts . vK<n 

55. Condition that the three straight lines (l u Wi), (h, »h> ^ 2 ), 

(l 3 , m 3 , n a ) may meet in a point . . . . .31 

56. Condition that three given points may lie in the same right line . 32’ 

57. Symmetrical equations of the straight line which joins two given 

points . . . . . . . . ih. 

58. Homogeneous equation of tlu straight line which tl oins two given 

points . . . . . . . . 33 

59. 60. Homogeneous equation of a right line passing through a given 

point, and whose direction-cosines are given . ^ . . ih. 

61. Equation of the straight lino which joins a given point to the inter- 

section of two given straight lines . . . . .31 

62, 63. Equation of the straight line which bisects the angle between 

two given straight lines . . . . . . ih. 

64. Condition that two straight lines whose homogeneous equations are 

given should be parallel to each other . . . .36 

65, 66. Equation of the straight line which passes through a given point, 

and is parallel to a given straight line .... ih. 

67. Two straight lines arc parallel when their equations differ only by 

a constant term . . . . . . } . 37 

68. Condition of parallelism of two straight lines whose equations are 

given in the ho yogeneous form . . . . . ih. 

69 — 74. Condition of perpendicularity of two straight lines . . 38 

75. Symmetrical equations of the perpendicular to a given straight line 

through a given point . . . . . .40 

76. Homogeneous equation of the same . . . . . ih. 

77. Homogeneous equation of the straight line which passes through 

a give" point and makes an angle to with a given straight line . 41 

CHAPTER V. 

ANHARMONIC RATIOS. HARMONIC POINTS AND PENCILS. HOMOGRAPIIIC 
SYSTEMS. INVOLUTION. 


78, 79. Definitions. — Pencil of rays, centre of pencil, transversal , 

range , axis . . • • • • > . 43 

80. Anharmonic ratio defined . . . . . , ll- 

81. A system or four points or rays gives six different anharmonic ratios, 

whereof three are the reciprocals of the other three . . ih. 

82. Relations subsisting between these, ratios . . » . .45 

83. To shew that the anharmo. ic ratio of the four points in which 

a transversal meets a pencil is constant for any position of the 
tiansversal . . . . . > « ■ . , ih. 



Vlll< 


CONTENTS. 


ARTS.' 

84, 85. Perspective pencils. — -Whe.. two pencils are in perspective their 
anharmonic ratios are equal. — Axis of perspective ; homology , axis 
of homo It gy ....... 

86. Definition of Harmonic seclb'.i. Harmonic conjugates ; harmonic 

range (or pencil) ; equation of harmonicism 

87. A segment whicu is harmonically diviued is divided internally and 

externally in the same ratio ..... 

88. 89. Other forms of the condition of harmonicism 

90. Anharmonic ratio of four concurrent lines whose direction-angles 

are given . . . 

91. Condition that four such lines should form a harmonic pencil 

92. Anharmonic ratio of a pencil of four rays passing through the 

intersection of two straight lines whose equations are given in 
the homogeneous form ...... 

93. Homographic systems ...... 

94. Condition that four straight lines which pass through the inter- 

section of a given pair should fonn a harmonic pencil 

95. Equations of a pair of straight lines which are harmonic conjugates 

with respect to a given pair ..... 

96. 97. The internal and external bisectors of the angle included 

between any pair of right lines are harmonic conjugates with 
respect to them ....... 

98, 99. To prove the harmonic properties of a complete quadrilateral 

HOMOGRAPIIIC SYSTEMS OF POINTS AND LINES. 

100. Definition of l tomography ...... 

101. Three pairs of corresponding points (or yays) are sufficient to 

determine two homographic systems .... 

102. 103, Point on either axis which corresponds to the point ac infinity 

on the other ....... 

104. If the points at infinity on the two axes correspond, the systems 
< will be similar ....... 

COAXAL (OR CONCENTRIC) HOMOGRAPHIC SYSTEMS. 

105, 106. Double points (or lines'). — In every system of two homograpliic 

coaxal rows (or concentric pencils) there are two points (or rays) 
P and Q, called double points (or lines) which are their own 
correspondents ....... 

107. Any pair of correspondents divides Pi^ into segments whose an-’ 
harmotiic ratio is constant ..... 

1^8. If one of the double joints be at infinity, the systems will be similar 


PAGE 

46 

47 

ib. 

48 

ib. 

19 

50 

51 

ib. 

52 

ib. 

53 

55 

56 
ib. 
ib. 

57 

58 
ib. 



CONTENTS. 


IX 


ON INVOLUTION. 

ARTS. PAGE 

109. Definition of involution — conjugate points (or lines) of an involution 59 

110. Two pairs of conjugates are sufficient to determine a system in 

involution . . . . . . . ib. 

111. Relation between three pairs of conjugates in an involution of 

points or lines . . . . . « , . ib y 

112. Any pair of conjugates are harmonic conjugates with respcpt to the 

double points of the involution . . . . ib. 

113. Centre of the involution. Geometrical construction . . 60 

114 — 118. Definitions of involution . . . . . ib. 

119. In a pencil of lines in involution there exist always two conjugate 

rays which are at right angles to each other . . .62 

120. If more than one pair of conjugates of a pencil in involution be 

rectangular, every pair will he so . . . . . ib. 

121. 122. Equations representing two systems of lines in involution . ib. 


CHAPTER VI. 

THE GENERAL EQUATION OF THE SECOND DEGREE. 


123. The general equation of the second degree . . .64 

121. To shew that it always represents a conic section . . . ib. 

125. Conditions for an Ellipse, Parabola, or Hyperbola . . . ib. 

126. Equation of the chord . . . . . .66 

127. 128, 12S. Homogeneous equation of the tangent at any point . ib. 

130. Symmetrical equations of the tangent . . . .69 

131. Contlitior that the straight line (l, m, n ) should touch t^e conic . ib. 

132. Symmetrical equations of the normal at any point . . 70 

133. Homogeneous equation of the normal . . . . ib. 

131,135. Equation of the polar of a given point . . .71 

136. To find the co-ordinates of the pole of a given straight line with 

respect to the conL . . . . . .72 

137, 138. To find the co-ordinates of the centre . . . ib. 

139, The centre is the pole of the straight line at infinity. The centre 

of a parabola lies on the straight line at infinity . . >74 

140, 111. Equation of the pairs of tangents which may be drawn through 

a given point . . . . . . . ib. 

142, 143. Equation of the director of the conic, or locus of intersection of 

tangents which cut each other at right angles . . .76 

141, 145. Equation of the asymptotes . . . . .77 



X 


CONTENTS. 


ARTS. PKOT. 

146, 147. Condition that the equation of the second decree may repre- 
sent a pa ? ~ of right lines . . . . .78 

148. Condition for a parabola . . . . . .80 

140. Conditions for a circle . . . . . ' . ?b. 

150. Condition for a ectangular hyperbola . . . .81 

151. Conditions that two conics whose equations are given should he 

similar and similarly placed . . . . .82 

152. To find the direction of the principal diameter, when the locus is 

a parabola . . . . . . . ib. 

153. Equation of a circle whose radius and centre are given . . 83 

154. Expression for the radius of a circle . . . . ib. 

155. Condition for a rectangular hyperbola . . . .St 

156. Expression for the area of a circle . . . . tb. 

157. Conjugate diameters . . . . . . tb. 

158. Condition that two lines whose direction -cosines are given may he 

parallel to conjugate diameters of the conic . . .86 

159. Condition that (Ju wj, wi), ( l 2 >m. v n 2 ] ) may he parallel to conjugate 

diameters ....... ib. 

160. 161. Equation of the principal axes of the conic . . .87 

162 Lengths of the semi-axes . . . . . .89 

163. Expression for the area of the conic . . . .91 


CHAPTER VII. 

INTERPRETATION OF PARTICULAR FORMS OF THE EQUATION OF THE 
SECOND DEGREE. 


16 1, 165. The equation S x — JcS tl — 0 . . . .92 

166. Nature of the locus . . . . . .93 

167,168. Chords of intersection . . . . . tb. 

1^9. The equation S x — Ida — 0* . . . . .91- 

170, 171. The equations S 1 — htr — 0, and S 1 — leu = 0 . . tb. 

172. The equation — k~ = 0 . . . . . 96 

173. . . . vio — 1c tu — 0 . . . .ib. 

174. . . . vw — hu 2 = 0 . . . .97 

175. . . . vw — hu = 0 . . . . . ib. 

176. 177. . VW — A 2 = 0 . . . . . 98 

178. The equations S ± — hafi = 0, S t — bar — 0, S 1 — ha — 0 . 99 

179— 185. Equation of a conic described about tho triangle of reference, 

viz. Ij&y + /Wya f A r a/3 = 0 . . . . ib. 


1G6. The equation IV + 4/-/S- + ir*y t ±2MX0y + *2NLya± 2LMa& 102 



CONTENTS. 


/ XI 


ARTS. PAGE 

187—193. Equation of a conic inscribed in tbe triangle of reference, viz. 

XV + Ji 2 /3 2 + N 2 y- ~ - 2N$ya - 2LMa$ = 0 .103 

194 — 200. Equation of a conic with respect to which the triangle of 

reference is self-conjugate . . » . . 106 

201, 202. The equation £7 — ka\ = 0 . . 109 

203, 204. . . . #7 — ka = 0 . . . . . ib. 

205. . . . fiy - / f ?i = 0 . . . . . , ll?i 

206. . . . b 2 - ha = 0 . . . j. . Ill 


CHApfER VIII. 

EQUATIONS OF THE SECOND ORDER CONTINUED. 


207, 208. Principal forms of equations. Their loci . . .112 

209. Equation of the chord . . . . . .113 

210. Equation of the tangent ...... 118 

211. Equation of the polar ...... 121 

212. Condition of tangency . , . . . * , 123 

213. Co-o] dimites of the centre ...... 128 

214. Condition for a parabola ...... 130 

216. Conditions for a circle ...... 131 


EQUATION OF A CONIC REFERRED TO TWO TANGENTS AND 
THEIR CHORD OF CONTACT. 

t 

217 — 220. The conic whose equation is of the form LM — R 2 . . 133 

221. To find 17ie equation of the chord when the equation is given in 

this fo^n . . . . . . > .134 

222, 223. The equation of the tangent ..... 135 

224, The equation of the polar . . . . . . ib. 


225. If from a given point O two conics be drawn cutting a conic in the 

points X, and Q t , P 3 and Q 2 , respectively; the two pairs of 
chords which joi.., directly and transversely, these four points, 
will intersect on the polar of O . . . * . 136 

226, 227. Harmonic properties ...... T37 

228. Every chord of a conic is harmonically divided by any point on it » 

and the polar of that point . . . . . ib. 

229. The poles, with reference to a ^iven conic, of the straight lines 

which pass through a fixed point* lie 011 a fixed right line . 138 

230 Geometrical theorems involved in tho forms of some of the equa- 
tions discussed . . . * f .* . . 139 



Xll 


CONTENTS. 


CHAPTER IX. 


THE CIRCLE. 

AttTS. ^ PAGE 

231. To find the equation of the circle circumscribing the triangle ABC 140 
232 — 234. To find the equations of the inscribed and escribed circles . 141 

235. Notation explained ....... 142 

'236. rhe circumscribed circle ...... 143 

237. Equations of chord and tangent. Condition of tangency . .144 

238. Co-ordinates of the centre . . . . . . ib. 

239. The inscribed circle ....... 145 

210. Equation of the tangent. Condition of tangency . . . ib. 

211. Co-ordinates of the centre ...... 146 

2 12. Centres of the escribed circles . . . . ib. 

213. The circle with regard io which the triangle of reference is self 

conjugate. Equation of tangent. Condition of tangency . ib. 

214. Co-ordinates of the centre . . . . . . ib. 


THE NINE-POINT CIRCLE. 

245. M. Terquem’s Theorems ...... 147 

246. To shew that the equation of a circle may always be written in 

the form 

aj 3y + bya + ca.fi — ( aa + bfi + cy)(la + mB + ny) . . ib. 

247. All circles pass through the same two imaginary points at infinity . 148 

218. The radical axis of a circle whose equation is given in the above 

form and the circumscribed circle ..... 149 

249, 250. To find the radical axis of two circles whose equations are 

given . . . . . . . ib. 

251. Concentric circles touch each other in two imaginary points at 

infinity ........ 150 

252. Equation of the inscribed circle . . . . ib. 

253. Equation of the circle through the middle points f the sides . 151 

254. Eqi; tion of the circle through the feet of perpendiculars from the 

' vertices . . . . . . . .152 

255. 256. Proof of M. TerquenTs Theorem .... 153 

257. Properties of these circles ...... 154 

258. Co-ordinates of the centre of the nin "-point circle . . . ib. 

1 259. Equation of the circle through (he centres of (he escribed circles . * ib. 

260. Equation of the circle through the centre of the inscribed and those 

of two escribed circles . . . . . .157 



CONTENTS. 


^111 


A TITS tuiZ 

261. ^Equations of the foregoing circles 158 

262. Equations of their radical axes ib. 

263. Co-ordinates of the principal points referred to in Art. 235? 16# 


CHAPTER X. 

GENERAL THEOREMS AND PROBLEMS. 

26 1. A conic is completely determined when five points upon it are given 161 

265. A conic is completely determined when five tangents to it are given ib. 

266. If from a point O two chords (/ y R 1 R 2 > OS 1 S 2 be drawn in given 

directions, to a curve of the second degree, the ratio of the 
rectangles under the segments of the chords is the same for 
every position of 0 . . . . . . ib. 

267. 268. The anharmonic ratio of the pencil formed by joining four 

points on a conic to any fifth point is constant . . • 162 

269. Four fixed tangents are cut by any variable tangent in points 

whose anharmonic ratios are constant .... 166 

270. Pascal's Theorem. — The three pairs of opposite sides of a hexagoiH 

inscribed in a conic intersect in points which lie in the same 
straight line ....... 168 

271. JBrianchon’s Theorem. — The diagonals which connect the three 

pairs of opposite angles of a hexagon described about a conic 
meet in a point . . . . . . .169 

272. To find the locus of the centre of a conic which touches three given 

straight lines and passes through a given point . . . 171 

273. To find the equation of the polar reciprocal of a given conic . 173 

. 174 


Examples . 




PRELIMINARY CHAPTER. 


A. 


To shew that if — = - = ~ ; then 

? y * 

a $ y la 7)1 ft + Uy 

x y z lx 4~ my 4* nz 


Let each of the given fractions = X ; Ave shall have 

a — \x, 

/3 = Xy, (i) 

y — Xs; 

and, multiplying these equations by 7, m } n ) respectively, and 
adding, we get 

la + mft + ny = \lx + X my + X nz 
— \{lx 4“ my 4~ 7iz} j 


whence, 


a $ y 7a 4" mft 4- n y 

x y z lx 4- my 4- ^ 


Examples of the theorem here proved occur in Arts. 20, 23, 25, 
31, 34, 54, etc. 


B. 

To shew that if - = -%= — • 

x . y z 

a $ y fifty 4“ my a + llaftftvk 

x y z \lyz 4 - V'ZX nxyi 


then 
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Multiplying equations (i) two and two together, we get 
i* 7 = 

yu = XV, (ii) 

aft — X 2 ry ; 

and multiplying these by J, w, n, respectively, and adding, we have 
l (By + mya + nap = A 2 /ys + ^ 2 mzx + X 2 nxy 
= ^{lyz + + w;ry). 

Therefore 

a ft y /. //3y + 7)1 ya + n aft\ * 

x y z \Jyz + mzx + nxy) 

The reader will find instances of the application of this theorem 
in Arts. 40, 45, etc. 

0. 

To shew that if - = ^-= - ; then 

x y z ’ 

a ft y fla 7)1 ft 2 + Wy 2 \a 

x y z Klx 2 + my 2 + ws 2 / 

Squaring equations (i), we have 

a 2 = X 2 # 2 , 

ft 2 = Xy, ( ii 0 

y 2 = XV; 

and multiplying these respectively by l, m, and adding, we get 
lar -f w^3 2 + ny 2 = X 2 V + X 2 wy 2 + X 2 V 
= X 2 (V + wy 2 + wa 2 ). 
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XVII 


Hence, 

u __ P __ y ^ / la 2 + 3 2 4- wy 2 \» 

x y . z \lx l + mfi 1 + vy 1 ) 

This theorem is employed in Art. 45. 


D. 

The ciiscriminant of the quadric* 

-4 a 2 4 “ BP‘ 4 4 " 2 B py 4 * 2 Fya 4 * 2jPaj3 

[denoted hereafter by <£(a, y),] or the condition that it should 

be resolvable into linear factors, is obtained (Art. 147) by the 
elimination of a, /3, y between the equations 



i.e. : between 

Aa 4- Fp 4- Ay = 0, 

Fa 4- Bp 4- Dy = 0, 

Fa 4" Bp 4" By — 0. 

It is, therefore, 

A F, F I 

Fy B, B I = 0. (iv) 

F } B } C | 

The determinant which forms the left-hand member of equation 
(iv) occurs frequently in the course of the present work. It is 
convenient, therefore, to have some abbreviation for it. Y Te 
shall denote it by A, and wherever this symbol is employed (see 
Arts. 138, 144, 146, 162, ac.) the above .meaning is to be 
attached to it. A * 

The abbreviation (A,B, C) in whinh only the diagonal consti- 
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tuents are given is sometimes (Art. 167) used to represent the 
same determinant. 

The first 'minors of this determinant [viz. the determinants, with 
proper signs, \yhich we obtain by cancelling successively the 
column and row to which the several constituents A , B, C,D, E, F 
are common], are also of frequent occurrence : these, therefore, it 
will he convenient to denote by A',B , C f , II > E\ F\ respectively ; 
so that 

= BG-lf = A, 

= GA - E 2 = IT, 

— AB — F 2 = C\ 

The value of A may be expressed in terms of these minois as 
follows : — 

A = A A + FF’ + EE' } 

A = FF' + BB' + J)JJ', 

A = EE' + 1)1)' + CC\ 

An instance of the use of this notation will be seen in Ait. 138. 

If a determinant be of the form 

a i *T hf 4“ 4" 

n 2 + ht h + 

+ h> h + C, + « 3 

° v ( n \ + K + Cs + w 3 ), each constituent being the sum of 
two others, the determinant is equal to the sum of all the deter- 
minants which can be formed by taking for each column one of 
the partial columns of the corresponding column of the original 
determinant ; that is to say, 


B, I) 
J), C 

A , E 
E % C 

A,E 
F, B 


A , E 
F, 1) 

F, B 
E\ 1) 

F i 7) 
E, C 


= EF- AJ) — J/, 


= FI) - BE = E\ 


= BE- CF = F\ 
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(«i + ^11 h + »<s» + /i 3 ) = (ffj &> f s ) + (ff! w 2 f 4 ) + (i(i0 2 n A ) 

+ Ol »h >h) + (h h < 3 ) -4 (£, M, 

+ (h Ma) + (^»2«i)- 

Ail application of this property will be found in Art. 1G7. 


E, 

The bordered determuiant 


a , a; a; i I 

’ i 

0, /, «t, 

A 7 , A, 7), w ; 

7 E E 

or, 


a:, 77 r/, m I 

w, a; a, J) 

1 l, w, w, 0 

n, E, 7), (7 


will be denoted by A” 1 . 


It becomes, on expansion, 




i, 

m, 

n 


t, 

M, 

n 


l, m. 

n ! 


- 1 

F, 

A 

D 

+ m 


A 

E 

— n 

A, F, 

a: , 



E, 

A 

c 


F, 

A 

C 

! 

F, 1), 

i) , 

that 

is, 













1, 

E, 

E 


!, 

A, 

E 


l,A, 

E 


- /| 

til, 

n. 

1) 

+ M 

m. 

a; 

7) 

— it j 

ut, F, 

B , 



n, 

A 

C 


n, 

e. 

C 


n, E, 

*1 

or, 












— 1 

7i, 1) 1 y 


E, 

, C 


1 ^ 

.E 

1 

_ 0 I • 

A.F 1 



l 

■ — 



m 2 — 



tr 


mn — etc. 


1/ a ! 


A . 

,E 

I A 


"l 

K, 1) | 



xix 


or, if we employ the notation explained in (7)), 

— (A'F + B'm~ *4* + 21/ mn + 2E'nl + 2 F'ltti). 
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The expression within the brackets, from its similarity in form to 
the quadric $(a, p, y), will be denoted by $(/, m , n )' ; we shall 
have, therefore, 


A, F 9 E, l 
F , By 1 9 , m 
! 2?, B y C } n 
i ly m, n,. 0 



» 


</>(£, w, «)'. 


r. 

ijf <^>(a, p f y) represent the general quadric , as in section (7?) of 
this chapter ; then 



+ (Fa, Ar Bp + -Dy )& 

+ (£a + ^ + Cy)y u 

= (^«i + -f&i + JVi)« 

+ (^ a i + + -Oyi)^ 

+(^a 4* Ep x + CVi)y- 
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CHAPTER I. 

» 

EXPLANATION OF THE METHOD. TIIE STRAIGHT LINE. 

1. The position of a point in Trilinear Co-ordinates is given by 
means of its perpendicular distances from tlnee fixed straight lines 
which do not meet in a point. In accordance with the usual Tri- 
gonometrical notation, A, B , Care employed to denote the angles 
of this triangle of reference, and a , b, c the sides which respectively 
subtend them ; the area of the triangle being represented by S. 

The perpendicular distances of any point from the three sides 
are called the eo-( "(hnates of the point, and are denoted by the 
Gitjek letters a, ft, y; and the point itself, for the sake of brevity, 

by (a, ft, y). Thus ^ > °> [ °)’ (°> and (°» 

^sin C, |sini/j, ^~sin C, 0, ~ siny/^), ^|sini?, ^sin^4, 0^, repre- 
sent respectively the three vertices of the triangle of reference, 
and the middle points of the opposite sides. # 

2. It is necessary, as in the Cartesian system, to lay down some 
rule for the interpretation of signs ; the position of a point depend- 
ing upon the sign, no less than upon the numerical value of its 
co-ordinates. The direction of a perpendicular is indicated &y th% 
one, as its absolute length is by the other. Thus, a and —a refer 
to points which are equidistant from the side BC } but which lie 
on opposite sides of that line. 

It is customary to regard the «- co-ordinate of any point P as 
positive or negative , according as; the vertex A and the point P lie 

B 
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on the same or on opposite ddes of BC; the sign of the 0- and 
y- co-ordinates being determined in a similar manner. If the 

Fig. 1. 



point lie on the side BC, it is obvious that i*s a- co-ordinate will 
be = 0. And similarly for points which lie on either of the other 
two sides. 

Thus then the co-ordinates (a,, 0j, y x ) of any point P u within 
the triangle of reference, are all positive ; whilst in the figure I\ 
has one (viz. the 0- co-ordinate), and P A two (viz. the 0- and y- 
co-ordinatcs) negative. 

3. Bearing in mind this convention with regard to oigno, the 
student will have no difficulty in proving for himself that the co- 
ordinates of any point (a, 0, y) satisfy the relation 

aa #0 -f- Cy 2 S. ( 1 ) 

For if the point (a, 0, y), whatever its position, be joined to 
the vertices of the triangle of reference, it will be seen at once 
that the algebraical sum of the triangular areas represented by 

-fla, -&0, \ c y> * s alwa y s equal to th*' area of the triangle ABC. 

4. By means of the relation (1) any trilinear expression may be 
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rendered homogeneous, or raised to any required order, ^or, since 

(la -4- b(3 *4" cy . . . . , 

the quantity — is equal to unity, we can, yithout alter- 

ing the value of the expression, multiply any term by such a power 
of it as may be necessary to raise it to the given dimensions. 

Thus the equation 

a 2 -j- A(/3 -f" y) “b = 0 
may be written in the homogeneous form 

4$ 2 a 2 2Sh(aa “4* bp -j- cy)(P -4' y) ~4" ^ 2 (^ a *4" bp *4“ ^y) 2 ~ =: 
and the linear expression 

la + m(3 + ny 


replaced by the equivalent quadric 


2 ^ {aa + bP + cy){la + mf 3 + ny), 

01 *^S ( ^° 2 “4^ /w £ 2 i- cny 2 + (bn+ cm) fiy+ (cl+ an)ya+ (am+bl)a(3 | • 


5. The relation of Art. 3 is.also useful if it is required to deter- 
mine the co-ordinates of a point, when their ratios only are given. 
Instances of its being so employed will be met with in the present 
chapter (Arts. 20, 23, 25). 

6. The foregoing account of the method will suffice for the in- 
terpretation of the following simple forms of trilinear equations. 

(i.) o-O represents the locus of points the perpendicular 
distances of which from BC are = 0. This being true only o' 
points which lie on that line of reference, a = 0 must be the 
equation of BC. Similarly p = 0, y 0, are the equatir as of 
the sides CA and AB respectively. 

Hence the three lines of reference are sometimes conveniently 
denoted by the letters a, p,y; and their points of intersection by 

(£y)» (r a )’ («£)• 

(ii.) Again a = Jc (a constant) is the equation of a straight 
line parallel to BC, at a distance Jc from it; for it is true only 
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of points which lie on such a line. In the same way /3= a con- 
stant, y= a constant, represent straight lines parallel to CA.AB 
respectively. 

(iii.) The equation ft — y = 0, or ft = y, is true only for points 
which are equidistant from CA , AB , the perpendiculars upon 
those sides being either both positive or both negative; whereas 
ft *>z=. 0 is the equation of the locus of points whose distances 
from the same two sides are equal but of opposite sign. Hence 
ft — y = 0, ft + y “ 0 are resnectively the equations of the in- 
ternal and external bisectors of the angle at A ; and the equa- 
tion ft 2 —y 2 — 0 represents this pair of bisectors. 

Similarly y 2 — a 2 = 0, a 2 — ^ 2 = 0 represent the internal and ex- 
ternal bisectors of the angles at B and C. 

(iv.) fty — a 2 — 0 is the equation of the locus of points such 
that the squares of their perpendicular distances from one of 
the sides of the triangle of reference are equal to the pro- 
ducts of their distances from the other two sides. The nature 
of this locus will be determined hereafter (Art. 216. (72).). 

7. On the general equation of a straight Vine. 

Let PQR be any straight line, passing through the fixed point 

Fig. 2. * 


c 




ft 0 , y 0 ), and making with the sides of the triangle of reference 
the acute angle? 6 , yfr. 



THE STRAIGHT LINE. 


Take F(a, 0, y) any other point on Jhe line and let the perpen- 
diculars a, a 0 be drawn. Then, if r be the distance between the 
two points, we shall have 


and, therefore, 


do — a = FG 

= r sin d, 


\i — a 0 = — r sin d. 


In the same way, we get 

0 — 0o = r sin 4 >, 
y — y 0 = r sin 0*. 

Hence, 

q — «o __ 0 — 0o __ y — y 0 
— sin d sin 0 sin \p 


( 2 ) 


the equation of the straight line in terms of the co-ordinates of 
a fixed point on it , and the acute angles which it makes with the % sides 
of the triangle of reference . 

The lower sign must be taken with r if (a, 0 , y) be on the other 
side of Id, as at F. 


8. It will be observed that the denominators of (2) have not all 
the same sign : the reader will do well to remember the following 
rule with respect to them. 

One of the segments QR , RR , RQ of the line always subtends 
(as does n P ; n the above figure) the supplement of the correspond- 
ing vertical angle, instead of the angle itself; and it will be found 
that in all cases those members of the equation have their deno- 
minators of the same sign which correspond to segments that an 
in this respect similar. 

Thus the lines marked (1), (2) in the annexed figure havo their 
equations respectively of the foi ms * 

a — fro _ 0 — 00 __ y — yo 
sin d — sm 0 sin yp 

g — ctQ ^ 0 — 00 __ y — yp 
sind sin 0 — -siii0 


and 
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Fig. 3. 



We have given this form of the equation of the right line, be- 
cause, owing to the simplicity of the angles involved, it is more 
easily written down in particular cases than the form which we 
now proceed to give, and which, on account of its greater sym- 
metry, we shall hereafter employ. 


9. Let E , F } as before, be the points (a 0 , /3 0 , y 0 ), (a, ft y) respec- 
tively, and EF=z r. 


Fig. 4. 


C 



Let a Q , b 0> c 0 be the angles which the line EF makes with the 
perpendiculars from any internal point, as (a 0 , y 0 ) ; the angles 
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being measured in one and the sam3 direction (namely in that in 
which we pass from a 0 to 0 O , from p 0 ,to y 0 , and from y 0 to a 0 ), as 
indicated by the dotted lines in the figure. 

We shall then have 


sin 6 = cos a 0 , sin = co s^— tt) = — cos sin^ = — cos^ ; 

and the equation of the last Article becomes, on changing the r ; gn » 
of the whole 


« — <*o __ — ft __ y — y 0 

cos cos £ 0 cos 6' 0 


( 3 ) 


which is therefore the equation of the straight line in terms of the 
co-ordinates of a fixed point on it and what we shall in future call 
the direction-cosines of the line . 

These direction-cosines we shall occasionally denote by X, v, 
and the straight line itself by (X, /*, v ), or by (cos a 0) cos h 0> cos c Q ). 

10. The student would do well, by employing a variety of 
figures, to satisfy himself that the forms of the equation given in 
the preceding Articles hold in all cases, whatever be the position 
chosen for the line itself, or for the points (a 0 , /3 0 , y 0 ), (a, p, y). 

11. To shew that the equation of the right line may he written in 
the form 

la mp + ny = 0 . 

Let the dii 3 ction-cosines of the right line be X, /x, u; and its 
equa^ioir 

a q o P — Pa y — yo # 

X [X V 

From these we get 

fxy — vft — y oft ~ Po»t 
va — Xy = a 0 v — y 0 X, 

which give 

(yoX — a 0 v)(fy — v$) = (y 0 /* — P<fi)(\y — wj) ; 

whence, multiplying out, d?v ! iing by and arranging the terms, 
we get 

(/V — w) a + (y 0 X — a 0 i/) £ 'b («<# ~ £ 0 X; y = 0, 
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7 <k «o I 

v, x I 

an equation of the lequired form, 
of a determinant; thus : 


An To 

/X, V 


a + 


0 + 


f% 

X, fi 


7 — 0, 


(4) 


It may be written in the form 


a > A y 
An 7o 
X, /x, i/ 



(5) 


12. To shew conversely that every equation of the form 
la w?/3 + ny = 0 

represents a straight line. 

Take any point (a 05 A>» 7o) as pole, and let the equations of the 
radius vector from it to any point (a, 0, y) on the locus of the 
equation 

la mj 3 “f- ?iy =0 (6) 

be , !L=J» - = L~ y ^ r , m 

\ H v ' ' 

We have from (7) 

a = a 0 + Xr, 

A = Ao + /xr, 

7 — 70 + vr ; 

and, substituting these values of a, /3, y in (6), we get 
(l\ + mix + nv)r + (7« 0 + m/3 0 + ny Q ) = 0, 
which can give only one value of r for each separate value of 
(«o> An 7o)» or (^» 0* 

Hence, no straight line can meet the locus in more than one 
point; the locus of (6) is therefore a straight line a . 

1 3. Tolar form of the general equation of the second degree. 

The method of the preceding Article may be applied to the 
general equation of the second degree, 

<#>(«, & 7) = + Cy 2 + 2 Bpy -f 2 Fya + 2Fa& = 0. 

# a It will be observed, moreover, that if (a 0 , £ 0 , y 0 ) be taken on the locus, 
since in that case la 0 + m& 0 + ny 0 =0, r will always — 0, except when Ix + m/j. 
+ np = Q also, (which, as will shortly be seen, is the condition that the radius 
vector should coincide in direction with the locus), and then it is indeter- 
minate. 
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Tor putting, as before, 

a — «o ~h X/\ - 

3 = A, + /^, 

y = Vo + 


we get, by Taylor’s Theorem, 



( 8 ) 


which is the polar form of the general equation of the second 
degree; (« 0 , A„y 0 ) being the pole, and X, jx, r, the direction-cosines 
of the radius vector. 

14. As it wTl be necessary sometimes to distinguish between 

the t w o of the equation of the straight line which have been 

investigated in Arts. 8 — 11, we propose to call the former the 
symmetrical and the latter the homogeneous form. The latter form 
will be denoted by (/, m, n) = 0, or simply by ; the former 

as has been already stated, by (X, /*, v) or (cos a % cos i, cos c). 
Examples will be found at the end of the work which will fami- 
liarize the reader with the method of forming the symmetrical 
equations of a right line in particular cases. 

15. To construct geometrically the straight line whose equation is 

given in the homogeneous form. 

Suppose the given equation to be 

la + -f- ny = 0, 
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and, in order to find the cc -ordinates of the points P, Q, P, (see 
fig. Art. 7) in which the locus intersects the sides of the triangle 
of reference, make a~ 0, fi = 0, y = 0 , successively. We get 
(Prelim, chap. (. A ).), for P, Q and P respectively 


a 

j_ _ 

_ 1 

_ 2 S 

~0~ ~ 

n 

— m 

bn — cm 

a 

0 

_ y 

2S 

— n 

0 

‘ i 

cl— an 1 

a 

0 

_ y 

_ 2S 

m 

-l 

0 

am — bl 


Hence these points may he obtained geometrically by drawing 
parallels to the sides of the triangle of reference at distances 
determined by the preceding equations. And, when any two of 
the three points P, Q , P, are found, the position of the straight 
line is known. 

1C. If a straight line pass through the intersection of two other 
straight lines ivhose equations are 

l\a + m x i S + n x y = 0, 
l 2 n *4" *4“ n 2 y 0, 

its equation will he of the form 

a -f m x i 3 + n x y) — 7c(La + + n % y) — 0, 

k being an arbitrary constant . 

For the equation (/ ls m u n x ) — k(l 2 , nu, n 2 ) = 0 (Art 1 must re- 
present some straight line; also, it is satisfied by those values of 
a, /3, y, which satisfy the equations (l x , n x ) = 0, (/ 2 , m 2 , n< 2 ) = 0, 
simultaneously. It therefore represents a straight line which passes 
through the point of intersection of the lines (l\,m\,n x ), (/ 2 »^ 2 »%)* 

17. If the equations of three straight lines (l l9 m v , n x ), (Z 2 , ni 2 , w 2 ), 
(/ 3 , wi 3 , n-f) be such that the sum cf the left-hand members , when multi- 
plied each by some constant , vanishes identically , these three straight 
lines meet in a point. 

For suppose L u Z 2 , Z 3 to be certain multipliers, such that 

Zi(^ia+W 1 /3+Wiy)+Z2(^ a + w 2^’t’^2y) + Z 3 (/ 3 a-4-W^+W 3 y) =-= 0. 
Then it is irfar.ifest that the co-ordinates of the intersection of any 
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two of the three straight lines (since they satisfy simultaneously 
the equations of that pair of straight lines,) will, by virtue of this 
relation, also satisfy the equation of the third. 

Hence any one of the three given straight lines passes through 
the intersection of the other two. 

18. In the following examples the given triangle is taker, as t]ie 
triangle of reference, so that the equations of its sides are a = 0, 

3=0, v = 0. 

19. To find the equations of the bisectors of the angles of a triangle , 
and to shuW that they meet in a point . 

The straight line which bisects the /_A of the triangle ABC 
may be regarded as the locus of points which are equidistant from 
the two sides CA (3 — 0), AB{y ~ 0) ; its equation, therefore, will 
be 3 = y, or 

0 - y = 0. 

Similaily, y — a = 0, (9) 

a — 3 = 0, 

are the equations of the bisectors of the angles B and C respect- 
ively. 

Also, since the left-hand members of (9), when added together, 
are identically equal to zero, the condition of Art. 17 is satisfied, 
and the three bisectors meet in a point. 

20. If (v M) , Mo , y 0 ) be the co-ordinates of this point, ve shall have, 
by equations (9) 

2.9 /Tfc , 

a 0 = 3o = 7o = (l+b r~ c , (Prelim, chap. (A).), > 

= -> ( 10 ) 

8 ) 

2 s being the perimeter of the triangle. 

21. By Art. 16, the equation of a straight line which passes 
through the vertex A of the triangle of reference must be of the 
form 


3 -f- h x y = C ; 
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for it passes through the intersection of the lines whose equations 
are /3 = 0 , y = 0 . This is otherwise evident, since its equation 

must be satisfied by the co-Qrdinates of A , 

Similarly, straight lines through B and C will be represented by 
equations of the forms 

7 + ho = f>, 
a + k-J3 = 0, 

respectively. 

22. To find the equations of the bisectors of sides of the triangle 
ABC , and to sheiv that they meet in a point. 

Let I) be the middle point of B C . The equation of AD, since 

Fig. 5. 



it passes through the intersection of fi = 0, y = 0, must (Art. 21) 
oe of the form 

$ — J Cy =z 0 . ( 11 ) 

Also, since B } ~ sin (7, ^sin is a point on the line, we have 
from (11) 

sin C — k sin B = 0, 

and therefore k = and, substituting this value for k in (11), 
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we get for the equation of AD 

sin B $ — sin (7-y.= 0. 

Similarly, we find sin Cy — sin A a = 0, (12) 

and sin A a — sin B (3 = 0, 

■> 

for those of the other bisectors. 

Also, since the sum of tfye left-hand members of these equations '* 
= 0 identically, the three bisectois of the sides of a triangle meet 
in a point. (Art. 17.) 


23. This point, which we shall denote by (« 0 , /? 0 , y 0 ), is evidently 
such that its co-ordinates satisfy the relations 

sin Aa 0 = sin B/3 0 = sin Cy 0 , (13) 

or (ta 0 = b( % — cy 0 ; 


whence, since aa 0 + bfi 0 + cy {) — 2tf(Art. 3), 

28 

aa Q — o(3 {) — Cy o — ^ 


(14) 


24. To find the equations of the perpendiculars let fall from the 
vertices of the triangle ABC upon the opposite sides, and to shew that 
they meet in a point . 

Fig. 6. 



Let p a represent the length of AD, the perpendicular from a.' 
on BC. The equation of AD must (Art. 21) be of the form 

0-*y = O; (15) 

and, since j9(0 ; ^? a cos C,p a cosB) is a point on the line, we have 
cos C — Jc cos B = 0 ; 
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whence* substituting for k in (15), we get for the equation of AD 
cosB p — cos Cy 

Similarly, cos Cy — cosA a = 0, (16) 

cos A a — cos B £ = 0, 

will be found to be the equations of the other perpendiculars. 

Alsc , since the left-hand members of these equations, when added 
together, vanish identically, it follows that the three perpendiculars 
from the vertices of any triangle upon its opposite sides meet in 
a point. (Art. 17.) 

25. If (a 0) A>, y 0 ) be the co-ordinates of this point, we shall have, 
as in Art. 23, 

cos Aa 0 = cos B{3 0 — cos Cy Q , (17) 

and therefore, (Prelim, chap. (A).) 

a o Po 7o (18) 

sec^4 sccB sec C a sec A + b secB -p c sec C 

26. In the above instances the actual values of the co-ordinates 
(a 0 , A), y«) have been deduced ; but it is to be observed that these 
are rarely required in practice. For, as the trilinear equations, 
when not homogeneous, may (Art. 4) be easily rendered so, it is, 
in general, sufficient for us to know the proportional values of the 
co-ordinates of a point. 

Thus, (cosec A , cosec B , cosec C ), 

(sec A, sec B, sec C) 

(see Eqq. 13, 17) may be used respectively for the co-ordinates 
of the point of intersection of the bisectors of sides, and of that 
of the perpendiculars from the vertices upon the sides which 
subtend them. 

So again, (1, 1, 1) 

(cos A, cos B, cos C) 

may be taken instead of the co-ordinates of the inscribed and 
circumscribed circles respectively. 
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27. The equations of Arts. 22 and 24 are perhaps mo M e easily 
obtained by the following geometrical \nethod. 

For the bisectors of sides : — Let P{a,p, y) be any point on the 
bisector AD . 


Fig. 7. 
s A. 



Draw DB\ DB " perpendicular to CA , and DC', DC" perpen- 
dicular to AB . 

Then, by similar triangles, 

0 _ PB" _ DB ' _ DCsin C _ sin C . 
y ~~ ~ DC DllsmJJ “■ sin i? ’ 

whence sin B [ 3 — sin 6'y ~ 0 ; etc. 

For the perpendiculars from the angular points: — Let P{a,fi,y) 

Fig. 8. 

A 



be any point on the perpendicular AD, and let the perpendiculars 
DB', DC', PB',PB" be drawn as before. We have 

0 _ PB" _ DB' __ AD cos C _ cos <7. 
y ~ PC'" ~ PC' ~ ADcosB ~ cosP 5 

cos B 0 — cos Cy ~ 0 ; etc. 


and 
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CHAPTER II. 

THE STRATCIIT LINE CONTINUED. RELATIONS BETWEEN 
THE CONSTANTS. 

28. In the foregoing chapter (Arts. 9 — 12) we have arrived at 
two forms of the equation of a right line which have been named 
respectively the symmetrical and the homogeneous . We proceed 
now to investigate certain important relations which connect the 
constants in these two forms with each other and with the elements 
of the triangle of reference. 


29. First, however, that needless repetition may be avoided, let 
it be remarked, once for all, that the equations 


a — a\ __ ft —ft i __ y— y t 
cos a i cos b x cos e x 


( 19 ) 


and l x a + />qft + n x y = 0, (20) 

or, more briefly, (cos^, cosb ly cos^) and (7^ %,«!), will invariably 
be employed to represent the same straight line. When the inves- 
tigation requires the introduction of another straight line, this 
second line will be represented by (costf 2 > cosi 2 > cos c 2 ) or (l 2 , n 2 ), 
or by both, according as it may be convenient to use either or both 
of the two forms of the equation. Hence, wherever a straight line 
is represented by {l lt m u n x ) = 0, it is assumed that its direction- 
cosines are cos a u cos b l} cos c lt and so conversely. 


30. The relations 

sin ( l Y —c x )-=: sin A , ^ 
sin —a x ) — sin B, l 
sin (# x — b x ) = sin C / 


cos (b x — Cj) = — cos A f \ 

(21) cos (<?i — a x ) = — cos B, > (22) 

cos (a x — b x ) = —cos C ) 


between the direction-angles of any right line and the angles of the 
triangle of reference , follow at once from the equations 
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1 80° — A = b ? — c„ 

180” — B = (20) 

180“+ C = —(«, — ft,), 

» f 

the truth of which appears from an inspection ol^tiie figure given 
in Art. 9. 

31. To prove the relations 


a cos a x + b cos b x + c cos c x — 0, 

( 2 + 

a sin a x -f- b sin b x + c sin — 0, 

(25) 

cos a x -F m x cos b Y + n , cos c 1 ~ 0 . 

( 20 ) 


Equations (24) and (25) are easily obtained by projecting tin* 
triangle of reference upon the line (cos cos h u cos c^), and upon 
any other straight line cutting it at right angles. (See Art. 34). 

To prove the last, take the equations (19) and (20), (Art. 29). 
From the first of the^e we have 

. _ q n i _ PrzA 1 __ y — yi 

cos a l cos b 1 cos c x 

= (Prelim. chap (A).) 

l x cos a x -\-m x cos o x -\-n x cos c x 1 

but the n iterator of the right-hand member vanishes by reason 
of (20). Hence we must have also 

l x cos a j + m x cos *1 + w x cos Cj = 0 ; 

a relation which always holds between the direction-cosines of a right 
line and the co-ejficients of its homogeneous equation, 

32. To find the equation of the straight line which passes through 
the point (a l} ft, y x ) and makes an angle a> with the straight line 
(cos a x , cos l> lf cos c x ). 

Let (1) in the figure represent the given straight line, whose 


c 
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Fig. 9. 



direction-angles are a u b lf c x ; and let (2) be the straight line 
whose equation is required. 

Suppose the direction-angles of (2) to be a* e 2 , c 2 ; then, since it 
passes through the given point, its equation will be 

a q i ft — fti _ y — Ti . 

costfo cos bo cos c 2 * ^ l ' 

Draw the co-ordinates of the point oi intersection of (1) and (2) ; 
then, from the geometry, we have 


dn CO -j- 

Similarly bn = co + b v 

and Cn ~ co -j - ( j. 

Hence (27) becomes 

__ fl ft 7 — 7i ___ 

COs(co+^i) "" cos(o)-b^i) “ cos (oj+O ~~ : 

which is the required equation. 


(28) 


(29) 


7T 

33. If co = ~, the straight lines (1) and (2) intersect each other 
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at right angles; and we have them following theorem, of which 
frequent use will hereafter be made. • ? 

If two straight lines cut each other at right angles in the poin d 
(«i> 7i); their equations are of the form 


a — 

p — & 

yjTLfl — r 

/qM 

cos a x 

Jos b x 

cos c x * 

( oU ) 

a — 

_ P - Pi 

y — yi r 

(31) 

sin a x 

sin b x 

— r. 

Sri c x 


In other words, the direction-cosines of two perpendicular right lines 
are of the form (cos a x cos h u cos c x ), (sin a lt sin h l9 sin c } ). 


34. The result of the last Article affords us another proof of the 
relations (24) and (25) of Art. 31. For, remembering that 


aa-\-b[3-\-cy — 2S always, 
we have from equation (30) 

r = a — _ 7 — Yi 

cos a x cos b x cos c\ 

(aa-\-bfi-)-cy) — (^i-h^i~h g Ti) 
a cos a x +b cos b^c cos c x 


(Art. 3. (1).) 


(Prelim, chap. (A).) 


2S—2S . 

a cor a x -\-b cos b x -\-c cos c x 


and, since the numerator vanishes, we must have always 
a cos a x + b cos h+ c cos c x = 0. 


The relation 

a sin a x + b sin b x + c sin c x = 0 

follows in a similar manner from equation (31) of the prec^dinjj 
Article. 


34. To prove the formula 

sin 2 A — cos \ + c s 2 c x + 2 cos b x cos c x cos A y 
sin 2 B — cos 2 c x cos ~a x -f 2 cos c x cos a x cos B, (32) 

and sin 2 C = cos 2 a x + cos 2 b x + 2 cos a x cos b x (?os C. 
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It was shewn (Art. 30’) that sin A — sin (b x — c x ). We have 
there fore 

sin 2 A = # sin 2 ( b x — r x ) , 

=f ( 1 — cos \) cos \ -J- ( 1 — cos 2 c x ) cos \ 

— 2 cos b 1 cos c x sin b x sin c 1 

~ cos 2 b x + cos 2 c x — 2 cos b x cos e x ( — cos A 

— cos b x cos t x ) — 2 cos 2 b x cos 

Since (Art. 30), cos A=z — cos (^ — c x ) ; 

sin A = cos \ -f cos 2 c x 4* 2 cos b x cos c x cos A. 

The others follow by symmetry. 

35. To prove the following symmetrical expressions for the area of 
the triangle of reference. 

4 S 2 „ 

_____ — a cos ^ cos 2^ _|_ j cos cog 2^ c c0g Q cos 2^ (33) 

4 S 2 

— = a cos b x cos c x + b cos c x cos a x -f- c cos a x cos b x . (34) 

By Art. 34 we have 

4 S 2 = b 2 c 2 sin 2 A — Ire 2 { cos 2 b x + cos 2 c x + 2 cos b x cos c x cos A } 

= i 2 c 2 (cos ^-f-cos 2 c x ) + be cos A{(b cos b x + c cos c x ) 2 
— b 2 cos 2 &! — c 2 cos 2 <? x } ; 

or, since (Art. 31. (24)'.) b cos b x + c cos c x — — a costf a , 

4 >S 2 = be cos A (a* cos 2 a x ) + c(c— b cos A) ( b 2 cos 2 5j) 

+ b{b — c cos A) (c 2 cos 2 6*i) 

= abc {a cos A cos 2 a x + b cos B cos 2 b x + e cos C cos V, } . 

Again 

4 S 2 = b 2 e 2 sin 2 ^4 = Pc 2 cos 2 ^ + Pc 2 cos\ 2b 2 c 2 co$b x cos c x cos A ; 
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or, since b cos b x = — (c cos c x + a cos a x ), 

c cos c x — — {a cos a^b cos b x ), 

and 2 be cos A = b 2 -\-c 2 —i^ 

4 S 2 = —be 2 cos ^(ecos c A +«cos a x ) — b 2 c cos el(a cos a x -\-b cosb x ) 
+ bc(b 2 +c 2 — a 2 ) cos b l cos c x 

= —abc{a cos ^ cos cos Cj cos cos (q cos 


30. The results of the last Article aie of use when it is required 
to find a symmetrical expression for the distance between two 
given points (Art. 44). They also give us the following symme- 
trical expressions for the sines of the angles of the triangle of 
reference ; 


sin 2 A sin 2 B sin 2 C 
a 2 b 2 c 2 

also, = 


a cosAcos 2 a x + b cos ~Bcos 2 b x + c cosCcos 2 c l 
abc 


(35) 


0 COS&JCOSCJ+ foos^costf j 4-ccosrqcos^] 
abc 


.( 30 ) 


37. It is to be observed that, since (Art. 33) sin a x , sin^, sin c u 
are the direction-cosines of some line, viz. of some line perpen- 
dicular to (cos a u cos b x , cos c lf ) the results of the preceding Articles 
remain true, if for the cosines of the direction-angles we substitute 
the corresponding sines. For obvious reasons this remark does 
not apply to formulae which involve l u m l} n x . 

Hence, besides 

l x cos a x 4- m x cos b x 4- n v cos c x — 0, 

we have the following relations in which X, p, v, may be replaced 
either by cos a lf cos b u cos c u or by the sines of the same angles ; 

a\ d~ bp 4" Cv — 0, 
p 2 + ^ + 2/xi/ cos A — sin 2 A, 

-y 2 4~ X 2 4- 2i/X cos B — sin 2 B , 

X 2 4“ M 2 + 2X/x cos C = sin 2 C, 
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2 A i sin 2 B sin 2 ^ r 4 S' 2 a cos A\ 2 b cos Bjx 2 -\- c cos Cv 2 


/> 2 /»- A 2 /> 2 


alsp, = — 


a\iv -f- bvX -j- c\fi 


38. By adding the two expressions involved in 
4/S 2 

— - = a cos AX 2 + b cos Bp -f- c cos CV 2 , 

since, sin 2 #! + cos 2 #! = 1, :tc. = etc.; or those involved in 
4S 2 

~~ abc~ aflU + bvX + cX/z ’ 

since (Art. 30. (22).), cos (&!— cO = — cos A, etc. = etc. ; we get 
in each case the expression 

8 S 2 

— a cos A + bcosB-\- ccos C, (37) 

which is sometimes useful, and may assist the student in remem- 
bering the more important formulae from which it is derived®. 

39. To write down ilie homogeneous equation of a straight line 
whose symmetrical equations are given . 

Let the given equations be 


and suppose 


a — «o P — y~ 7o 


la 4- ml 3 + ny = 0 


to be the homogeneous form of the equation of the same straight 
line 

Since (a 0 , j3 0 , >) is a point on the line, we shall have 
K + m(3 0 + n 7i) = 0 ; 


* This formula is easily proved independ nMy; for the right-hand member 
2 b~c 2 + 2 c 2 a 2 + 2 a 2 b 2 — a 4 — b 4 — j 4 8s(s — a) (s — b) ( s — c) 8 S 2 

2 qbc ~ abc ~ abc 
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also, (Art. 31. (26).) ZX + mg + nv =0; 


whehce, Z 

m . % n 


I ft» 7o 1 

1 v 1 

| yo> «o j «o> ft >’ 

1 */, X ’• x, g 

(10) 

and (39) becomes 

j 


I' 30 ’ r °|a + 

\ fl, V \ 

,7(* ^0 = 0 . 

i/, X j 1 X, p f 

01) 


40. To find the direction-cosines of a straight line it hose equation 
is given in the homogeneous form . 

Let l x a + m x (3 + n\y = 0 

he the given equation: then, since (Art. 31. (24), (26).) 

a cos a x + b cos b\ + c cos c i = 0 
and l v cos a x + m x cos by + n x cos c x = 0, 

we have, by cross-multiplication, 


COS (?! 

__ COS by _ 

COS C] 


i, c | 

c, 1 

«1, i, 

| 

»»1, »1 1 

/l | 

/ 1 , Wij 

1 

a cos cos + b cos c x 

cos«! + ceostf,cosZh 

a a y b 

ly Z|, My 

+*i£il 

b, c 
m x , n x 

6, c c, ff 
~ m„n t |»„ 7, 


(Prelim, chap. ( B ).) 


dbc s/(f\ + +n 2 y — 2mynyCOsA — 2nylyCosB—2lymyCosC) 

(Art. 3o) 

_ 2 S 

~ abc {ly, Vly, Uy}' >(* 2 ) 

if we denote by {l x , m x , n x } the function of Z M m x , n x , for which # it 
has been substituted b . 

b Jn the same way the expresoic/i 

(s/(ar + 5 2 + e 2 — 2 be cos A — 2 ca cos B — 2 ah cos C). 
will be represented by {«, b, c.} 
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41. Tire direction-cosines ol (I ly m u n x ) may obviously be written 


in the somewhat more convenient form 

cos a x __ 1 cos b v __ cos c x __ 1 


mii B , sin C 1 

7 1 

sill C , sin A 


sin A , sin B 

(i-‘0 

ntyt Uy | 

n x , ly 


•i, »h 



the same abbreviation being made. 


42. To find the shies of the direction-angles of a straight line, when 
its equation is given m the homogeneous form. 

By equation (43) of the last Article, we have 


sin "a x 


ly,nii, n i 2 — (n x sin B— m x sin C) 2 
{/i, niy, n x y 

i ^ ^ p [/? -f m 2 cos 2 C -f n \ cos 2 B — 2/;qw 1 (cos^ 

— sin B sin C) — 2n x l x cos B—2l x m x cos C] 


{ly—niy cos C— n x cos By 2 m 

.... „ . l x — m x cos C—n x cosi? 

therefore sin#, = + tt \ ? 

\ly,m x ,n x \ 

the values of sin b x , sin c x following by symmetry. Hence 

sin a x sin b x sin c, 

ly — niyCosC—nyCosB m x — n x cosA — lyCosC n x — ZjCosii — ntyCOsA 

J? To shew that 

l x sin a x + ni x sin b x + n x sin c x = { l x , m u n x }. 

Since l x cos a x + m x cos b x + n x cosc x = 0 (Art. 31. (24).), we have 

{ly sin a x -f wq sin b x t- n x sin c x f = (/, sin a x -f m x sin b x + n x sin c x )- 

4* (l x cos a x 4* ni x cos by 4- n x cos Cy) 3 
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= T\ + m{ -f n\ + 2 m x n x cos (b x - 

+ 2w 1 / 1 cos(c 1 — a x ) + 2 l x m x co a(a 1 — 6 t ) 

— l\ + m\ + n\ — 2 m x n x bos A — 2 n x l x cos JB 
2 cos C 

= »i 2 }, (Art. 40.) 

Hence 

/tsm^+wisin&j+^sincj = {Z L , »i b (45) 

44. 7b 

/ 1 cos(a>+« 1 )+w 1 cos(a) + 5 1 )+^ I cos(a)-fr 1 ) = — n x } sin a>. 
Expanding, we get 

/ 1 COS(o)-4-^i) + ^iCOS(«4'^i)+^lCOs(a) + Ci) = COS^-j- m Y COS#! 

-\-n x COS C^COSa) 

— (l x sin a x + i^sini, 
4* Wjsin^) sina) 

= — (l i sin a x + nii sin b\ 
+Wisinc 1 )sin a>, 

(by Art. 31. (24).), 

= {/i, n x } sinw, (46) 


by the result of the last Article. 
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CHAPTER III. 

THE STRA T GIIT LINE CONTINUED. LINE AT INFINITY. 

45. To find the distance between two 'points. 

Let (aj, ft, y x ), (a 2 , ft, 72) be the given points, and r the distance 
between them. Then, if X, /*, v are the direction-cosines of the 
joining line, we have (Art. 9 .) 

— fll ~~ fl2 _ ft ~ft _ yi " 7 ^ . 

\ fl V 

whence, (Prelim, chap. (C).), 

a COS^(q 1 — q 2 ) 2 j- £ cos Z?(ft — ft) 2 +c cos C(y, — y 2 ) 2 
& cos^X 2 + £ cosBfi + c cos Cii 2 

= cos^ — a 2 ) 2 + 5 cosR(ft — ft) 2 +c cos 0 ( 71 — 7 >) 2 } ; (47) 

or, (Prelim, chap. (B).) 

2 _ ff (ft~ft) (71—72)+%!— 72) (gi— g 2 )+g(qi— Qa) (ft— ft) 
a^v -f- ^X -j- cXp. 

= ~ 4^2 {"Oi — fcfoi— y2) + %i— y2X a i— ^ a 2 ) + c(a, — a 2 )(0,--&)J ; 

(48) 

(47) and (4o) following by reason of equations (33) ana (34), 
(Art. 35). 

' 46. It is sometimes more convenient to write the results of the 
last Article in the following form : 


(dj — a 2 ) 2 sin 2J+(ft— ft) 2 sin 277+ (yi— y 2 ) 2 sin 2(7 


2 sin A sin B sm G 


■ (*») 


and 


Oi-fe)(yi-y 2 )sinJ +(yi— y 2 )(« qsXft-g^sinC 
sin ^4 sin B sin C 


( 50 ) 
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47. To find the length of the perpendicular from the point (aj ft 0 , y 0 ) 
upon the straight line (l Xy m x , n x ). 

The direction-cosines of the perpendicular will he (Ar{. 33) sin a x , 
sin b ly sin c x . 

Fig. 10. 



If therefore^ be the required length, and a, 0, y the co-onli- 
nates of the foot of the perpendicular, we shall have 

q—«o _ ft— ftp _ y—yo __ 
sin a x ~~ sin b x sin c x ^ 9 

whence a = a 0 + sin a 1 p 

ft = fto 1 sin ^ 
y — y 0 1 sin 

and, substituting these valuec, for «, 0, y, in the equation 

l\ a + #hft + n x y = 0, 

we get 

+ >*hfto + w i7o ± (^i sin a x + m x sin b x + n x sin c x )p = 0, 
and therefore 

?i«o + m x l3 x + n x y 0 

<p = -f- — — 

r ~l x sin a x + m x sin b x + n x sin c x 


hoo + ^ifto ~f* n \yp 

{A. »*!>»! } 


(Art. 43,) 


( 51 ? 


where, a§ before, 

{l Xy m x n x ] = */(l x -{-m x -\’n x — 2m l n l cos A — 2^ x l x cos J9— 2/^qcos (7). 
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48. Jlence also, if a straight line be drawn from (a 0 , ft,, y 0 ) to 
meet the line (Z lt m u nj so as to make an angle a with it, its 

Fig. 11. 



length p is known ; since, from the geometry of the figure, 

j = P 

sin o> 


Thus 

p == + ^ fl ° ^iyo 

~ {Zi,//q, ?q} sin to 


(52) 


49. But this result may be arrived at independently; for the 
equation of the line which meets (I l9 M lt n x ) at the given angle will 
be (Art. 32) 


q ~~ q o ft— ftp y— y» _ 

COS (co -j- <q) COS (a ) -j- b ,) cos (a> + 6 'l) 

and, proceeding as in Art. 46, we shall get finally 

U ~f~ Wh ft) ~f~ ^i7o 

p ~~ -^cos (co+<q)+wq cos (a>+6i)+?q cos (co+^) 




l\<*o + flhfto + n t y () 

— n r~ — b y Art. 44 

{q, m u n x ) sin co J 


50. To find the angle included between the two straight lines 
(cos a ly cos l\, cos c x ), (/ 2 , ni 2 , n 2 ). 

Let o) be the angle between the two given straight lines. 
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Then, the direction-angles of the first,bei«g b l9 c 1? thos<? of the 
second will be (. o+a l ) ) (a >4-^), (® + ^)*^Art. 32. (28).). 

Hence, (Art. 31. (26).), we have the relation 

*• 

/oCOS^ + tfi) + m 2 COS (co + ^j) +^^ 2 COS(c«)-f Cl) = 0 ; 
wherefore 

> ^ 
^costf^w^cos^+^cos^ = tan ©(£ 2 sin ^4-% sin ^ 4-^2 sine,), 


and 


L COSJ i + W/ 2 COS ^4-^2 008 6*! /eoN 

tan 0) ; ; ; 7 . (Ot 3 ) 


L si 11 a x + m 2 sin b x -\-n 2 sin c x 
We have also the folio vving values for sin w and cos a > : 

. l 2 cos a^nu cos b,-\-n« cose, 

Sill CO = —77 77 7 ; — — 1 

v { (^cos% 4 - ^ 2 C0& c!+ ^cosc*!) - ^- (/ 2 sin« 1 4- m 2 smbi + ^sincj) 2 } 
__ L cos a x + m 2 cos b x 4- cos <?, 


COSa) = 


{l 2 , m 2 , n 2 \ 

l 2 sin n x 4- nu sin b x 4~ % sin c, 
{hi 1*21^2} 


( 51 ) 

* 

( 55 ) 


51. To determine the angle included between the tuo straight lines 

(In »hi »i), (hi Vh, »a)- 

Using the results of the last Article, and remembering (Arts. 41, 
12) that 


cos a x 

— cos _ 

cos c x 

_ 1 

| sin Bj sin (J 

I sin C, sin A 1 1 

sin A, m\B 1 

M 

1 m u v x 

and 

1 «» /, 1 | 

/„ »», | 

sin a x 

sin b x 


sin c x 


/i-MiCosU— w,cos// m x WjCos^4 — /^cos (J n x — IfiosB— \I' 


__ 1 

{h,Mi, %}’ 

we have for the tangent of the included angle 

) I sin B, sin C I , will C, sin A I , ! sin A, sin B 

___ H m,._ n , |v «»U , t , |+ »»| /„ «, j 

i4+ w?i«« 2 + w i% — (/>M* 2 + nWhjwsA— (Wj/o-f w^) cos B — (h»h-\- hm x )QOS C* 
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and th^ following valuer for tan w, sin a, cos g>, respectively, 

I sin C 


' mnJ+ sin B+ 

m 2 , n 2 n 2t l 2 1 


^ m x 
^ 2 » ^2 


lJ 2 +m l m 2 +n l ?i 2 ^(m i n 2 +M^cQsA—(n l l 2 -l r n 2 l l )oQsB---(l l M 2 -\-l 2 rn l )co$C 
r . (56) 

^2) ^2 


| M |siiU+ w ‘>;> sini?+ 

! W 2 » % W 2 » ^2 


sin C 


{/ b //«!, wj. {4, m 2 , n 2 } 


(57) 


/, /o+ m x m 2 -\- n x n 2 — {m x w 2 + nij/i^cosA — (n x h-\- nd x )co&B — (/, Wj-f 4^i)cos f ' 
{4» »i}. {4» *»2» Wa} 

(58) 


52. To investigate the meaning of the equation 
aa + bp + cy = 0. 

The given equation, being linear, must (Art. 12) represent some 
straight line. 

Also the equation 

(a\ + In + cv)r + (fla 0 + bp {i + cyt) = 0 

gives, as in Art. 12, the distance of the required locus from a point 
(a 0 , /3 0 , yo) not on the locus, in any direction (X, /x, v). 

Therefore, since (Art. 31. (24).) 


a\ + I)fi + = 0 

always, the radius vector is in every direction infinite. 

Hence the equation 

act bfi “j” cy = 0, 
jr sin Aa -j* sin Bft + sin Cy = 0, 

or, (Art. 3, (1).), a constant = 0, 

must be interpreted as representing a straight line which lies altogether 
at an infinite distance. 


53. It will be observed that, as {a, b, c} = 0 identically, the 
direction-cosines of this line are (Au. 11) indeterminate. 
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CIIAITER IV. 

PROBLEMS ON THE STRAIGHT LINE. 

54. To find the co-ordinates of the poirt of intersection of the 
straight lines (l u m u nf), (4, m* 2 , n 2 )- 

Let (a 0 , ft,, 7 0 ) be the co-ordinates of the point of intersection of 
the given straight lines, then we shall have 

4 a o -h nifto -|- = 0, 

and 4<*o + m 2 (3 0 + n 2 y 0 ~ 0 ; 

whence, by cross-multiplication, 

/ft) y<> 2 S 

I nii , iii I 4 1 | 4» wh I a m \' n i i ^ I 4 i c I 4> , 

I W‘2, I ^2> 4 • ' 4' >#2 1 I ^25 4 ' I 4> ^2 ' 

(59) 

55. To find the condition that the three straight lines (4, m ly n { ) 

(4. n 2 ), (/ 3 , w 3 , w 3 ) meet in a point. 

Supple the point (a 0 , /3 0 , y 0 ) to be common to the three given 
straight lines. .Then we must have simultaneously 

l \ a o 4“ MiA, "f* ^iyo == 

4 a 0 + + ^2 To = 0, 

4 a o “h ^A + %yo :=:: ^ 5 

and the condition that these equations should co-exist is 

! 4, Mi, »! 

| 4> ^2) ^2 " =: ^ * 

/ 3 , w 3 , w 3 


( 60 ) 
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. 56 . To find the condition that the three points (m. ft, 7 V ), (a 2 , /ft, y>), 

' (a 3 , ft, y 3 ) way lie in the same straight line. 

Suppose the .three given points to lie on the right line whose 
equation is 

la + m\ 3 -f ny = 0 : 

W2 shall then have 


la^ + wft + ny l — 0, 
la 2 m( 3 2 + ny 2 = 0 , 
and Za 3 + mfiz + ny :i = 0 : 


and these equations cannot exist together, unless 


On ft, yi 

0 2 , ft, 72 

03, ft, Ta 


= 0, 


which is therefore the required condition. 


( 61 ) 


. 57 . To find the symmetrical equations of the straight line which 
passes through the two given points (a b ft, 7^, (a 2 , ft, 7.,). 

The equations of a straight line through (a 2 , ft, 73) must be of 
the form 


a — a 2 /3 — ft 7 — 72 

X /A V 

Also since (a 1? ft, 7^ is a point upon the line, we have 

~~ 0 2 _ ft ~ ft _ 71 — 72 
X p v 

Hence, eliminating X, p, v between ( 62 ) and ( 63 ) we get 

0 — 02 __ ft — ft _ 7 — 7 2 

01 ~ a 2 ft — ft “ 7! — 72 
which are the equations required. 


( 62 ) 


(«») 


( 61 ) 
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58. To find the homogeneous equation of the straight line vhich 
passes through the two given points (a b ft, y x ), (a 2 , ft, y 2 ). 

Suppose the equation of the joining line to be 


la -j- 3 -f- ny = 0: (65)< 

then, since the given points lie on the line, we shall have, to 
determine /, m, n , 

la Y 4- mfiy + ny v ~ 0, (66) 

and la 2 + + ny 2 = C. (67) 

From these, by cross-multiplication, we get 


or, more briefly, 


l 


m 

n 

1 ft.* 


7u 

«1 1 

ft 1 

Ift.* 


y*» 

«2 

1 a 2» ft 2 1, 

g in (65), we 

ha\ 

e for the required i 

*|« + | 

yi> 

ay 

P 

f h 1 ’!' 7 = 0; 

>2 1 I 

y*> 

a 2 

1 ft 2 1 



ft 

7 



«i» 

ft> yi 

— 0. 


a 2 

/3» 

' yt 



( 68 ) 


(69) 


In the latter form the equation might have been written down 
at once as the eliminant of the three equations (65), (66) and 
( 67 ). 


59. To find the homogeneous equation of the straight line which 
passes through the point (a 0 , ft, y 0 ), and whose direction-cosines are 

X, fX, V. 

Let the equation be 

la 4* -f- ny = 0 ; 

then, since (a 0 , ft, y 0 ) is a point on the line, 

la 0 4- mft 4- ny 0 = 0 : 

D 
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also, (A^t. 31. (26).), -f mp + nv = 0. 

And, eliminating w, ft, '"between these three equations, we have 
for the required Equation 

a > ft y I 

«o. ft,, yo — 0. (70) 

X, /X, v | 

This equation may also be written thus : 

l^yol.jy^oU, A>L = 0 . (71) 

I/*, V I I". A 1 A, fi | 

60. If the equations of the two preceding Articles be compared, 
it will be seen that the homogeneous equation of a right line may 
be formed with equal ease, whether the co-ordinates of two points 
on the line, or the co-ordinates of one such point and the direction- 
cosines of the line, be given. 

61. To find the equation of the straight line which joim the point 
(oo, A), y 0 ) to the point of intersection of the st.aight lines (l ly n j), 
( k , m 2i n 2 )- 

The required equation must (Art. 16) be of the form 

l^a -f wi\(3 -f* n x y -J- 1c(l 2 a -f- nif$ -f- ft 2 y) = 0, (72) 

because it passes through the intersection of the given straight 
lines. 

Also, since it passes through (a 0 , /3 0 , y () ), we have, to determine k, 
hao niifio + n>iy 0 + h{l 2 a 0 -f- o + o) = 0 ; 
and (72) becomes, when this value is substituted for k, 

( + ^A+ n 27o) (Jia + miP + n iy ) = (^ao-h m A+ n \ 7o) ( h a + w A + % ?) • 

(73) 

62. 7b £//# equation of the straight line which passes through 
the point of intersection of the straight lines (7j, m ly %), (^, m 2 , ft 2 )> 

bisects the angle between them. 



PROBLEMS ON THE STRAIGHT LINE. 


35 


The bisector is the locus of points the perpendicular d’istances of 

Fig. 12. 



which from the two given straight lines are equal ; its equation 
therefore (Art. 47. (51).) will be 

/j« 4- mfi 4- n x y La 4- mS + n 2 y . /^a\ 

~ + — j 5 \ 

m u n i} “ {/ 2 , iJ hy 

the upper sign belonging to the internal , and the lower to the 
external bisector. 


63. If the direction-angles of the two lines be given, and 
(a 0 , ft, 70 ) be *heir point of intersection, the bisectors will be re- 
spect' ?ly represented (Art. 33) by the symmetrical equations 



(75) 

(7J) 


Eor the direction-angles of the internal bisector are the Arithmetic 
means between a x and ? 2 , b x and l 2 c Y and e 2 , respectively ; and the 
external bisector cuts the former at right angles. 
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64. Tofnd the condition that two given straight lines ( l x% m x , n x ), 
(Z a , r/? 2 , should he parallel to each other. 

The two given lines must, if they are parallel, have the same 
direction-cosines; hence (Art. 31), we must have, not only 

a cos a x + h cos l x + - cos c x = 0, 
and , l x cos a x + m x cos h x + n x cos c x == 0, 

but also / 2 cos a x + m 2 cos h x + n 2 cos c x — 0. 

whence, eliminating cos a x , cos h x , cos we get for the required 
condition 

a, b, e I 

^ n x | = 0. (77) 

^2» ^2 I 

65. To find the equation of the straight line which passes through the 
point (a 0 , /3 0 , y 0 )» an & u parallel to the straight line (l Xj m u n x ). 

This straight line may be regarded as the locus of points the 
perpendicular distances of which from (l x , m x , w.) are equal to that 
of (a 0 , y 0 ) from the same right line. This (Art. 47) will be 

expressed as follows : 

l x a -f m x Q + n x y _ l x n 0 -f m x 8 n + n x y 0 
{/i, m x , n x ) ~ {liyin^n^ 

or l x a + m x (3 + n x y = l x a () + m x (3 0 + n x y 0 . (78) 


66. Or we may proceed as follows : 

Since the straight line passes through the point (« 0 . fio, To) and 
is parallel to (f x . m x , n x ), its direction-cosines (Art. 40) are respec- 
* ; vely proportional to 


b , 

*»i, 




a, b I 

m x I ’ 


and its equation (Art. 59. (70).) is 


«; ft r 

a o» To 

bn x —cm u cl x —an u am x —bl x 


= 0 . 


(W) 
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This equation is in the homogeneous form, and, being identical 
with , ' 

(<za 0 + b{3 0 -\- ^i/3-b n x y) = (^cro - !" w iA)+ Wiyo) (^ a + bft~\~ c y)> ( £0) 

is equivalent to (78) of the last Article, since 

^ a o+^A)+£yo = ^a+^/3-b<"y> (Art. 3). 

67. Prom (78) it appears that the general equation of a straight line 
parallel to {l u m u n x ) is 

l x a + »?i)3 + n x y — k (a constant), (81) 

and , conversely, two straight lines are parallel when their equations 
differ only by a constant term . 

Equation (81) becomes (Art. 4), when rendered homogeneous, 

k 

l x a + + ?by = 2 ^f (tfa + + £y), 

and is therefore of the form 

la x A* “H n 7i k* (aa “f" ~f“ Cy), (82) 

the meaning of which (Arts. 16. 52) is that every straight line which 
is parallel to (li,m x ,n x ) passes through the mtersection of (l x ,m x ,n x ) with 
the straight line at infinity . 

This follows also from the condition of paiallelism(Art. 64. (77).), 
which expresses (Art. 55. (60).) that the given straight lines must 
intersect on the straight line at infinity. Indeed we might have 
assum . i this property of parallel straight lines, and deduced from 
it the condition of parallelism by the method of Art. 55. For the 
convenience of the student this form of proof is given in the 
next Article. 

68. To find the condition that the straight lines (Z L , m x , n x ), 

(Z 2 , w 2 > ^ 2 ) ma V l> e parallel . 

If the given lines be parallel they will intersect on the right line 
at infinity. Let (a 0 , /3 0 > yo) be their point of intersection ; we shall 

ra 0 + bp 0 + Cy 0 z=z 0, 

ha 0 + Wift) + n x y 0 = 0, 


have 
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and / 2 a o * L + w 27 o — 0 : 

and, eliminating a 0: p Q , y 0 from these equations, we get for the re- 
quired condition 

a , b t c 
l u m x , n x — 0. 

Ity ^ 2 * ^2 

69. It was shewn in Art. 33 that the straight lines (cos a lf cos b Xf 
cos c x ), (cos cosb 2 , cos c 2 ) will intersect at right angles , if 

cos tf 2 = sin a Xf 
cos b 2 = sin 
cos c 2 = sin c x . 

Hence also, since (Art. 31) 

l 2 cos a 2 + m 2 cos & > + Mo cos c 2 = 0, 

the condition that (L,m 2 ,n 3 ) should be perpendicular to (cos #!, cos />,, 
cosr,) 

/ 3 sin + w? a sin + w 2 sin c x — C. (83) 

70. 7b Mr condition that the straight line (cos^ 3 , cos# 3 ,cosr 3 ) 

should be perpendicular to the straight line (/ x , 7*^. 

By Art. 33, we must have cos tf 3 =. sin a X} etc. = etc. ; also, (Art. 
42. (44).), 

sin a x sin b x sin c x 

l\ — m x cosC—n x cosB m x — n x cosA—l x cosC~~ n x —l x (iOsU—m x QOSul. 

Therefore the required condition is 

cos (7g cos b 2 cos r 3 

* 1 cosC — n x cosA m x — n x cosA — l x cosC n x — l x cosA — n x cosA 

(84) 

71. To find the condition that the straight lines (l x , m u n x ), (/ 2 , m 2} n 2 ) 
should be mutually perpendicular . 

We have seen (Art. 33) that if the given straight lines intersect 
at right angles, cos a 2 = sin a u etc. = etc. Hence the relation 
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l 2 cos a 2 + m 2 cos b 2 -f w 2 cos c 2 = 0 
of Art. 31 becomes 

/ 2 sin a x + w 2 sin b l + sin c x =z 0, 
or, since (Art. 42. (44).) 

sin a x sin b x si n c x 

^—m^o^C—nxCoaJJ ~~ m x — n x cosA — ^cosC^ n x — l^osM— m x cos A 

l i {l l —m l co$C—n l cosB) J r7)t' i {m l —n l co$A—l 1 cosC)-\-p^n 1 --I l cosB~m l co$A)=0 ) 

that is, 

Vs+ WiW 2 + n x n 2 — (%t? 9 + w 2 \) cos A — (n x l 2 -{-rrJ l )co&B—(l l w 2 -{- l % m x ) cos C=0, 

(85) 

which is the required condition, another and somewhat more in- 
dependent proof of which is given in the next Article. 


72. Let the equation of the pair of lines be 


</)(a,/3,y) = (/ l a + m 1 ^*;-« 1 y) (7,a + »*i$+w ,y) =r 0 

= y 2 a 2 + ni\W$ + n \ v if + + mz n i)h + (Va + w , \)ya 

+{? l m i +l i w x )aP - 0. 


The polar form of this equation, any point (a 0 , /3 0 , y 0 ) being taken 
as pole, is (Art. 13. (8).) 


<KW> 5 + 



r + o» ft> yo) = 0. 


Hence the radius vector is infinite, and therefore parallel to 
(?!,%, when the direction-cosines satisfy the equation 


(A h *0 = 0, 
or 

y 3 X 2 +w 1 m 2 /i 2 +ftiV 2 +( m i^2+ w 2 w 1 )/iy+(w 1 / 3 + w 2 7 i)vX + (4 w a+ ^i)V c 0. 

But (Art. 33) the values X, v, which correspond to a pair of 
perpendicular lines, must be of th^ form (cos a lf cos b ly cos ^) and 
(sin Cj sin b iy sin c x ), respectively. 
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We hJve therefore, by|(86), both 

c f > (cos a u cos bi 3 cos c \) ~ 0> 
and </> (sin rtf, "sin b i9 sin c x ) = 0 : 

adding these, and remembering that cos (S, 
etc. == etc., (Ait. 30. (22).), we get 


Cl) = — cos Ay 


l\l ,+ Wi« 2 — (/W|»j + »?2«i)cos^ — (ra/ 2 + wJi)cos2? — (/jm 2 + J#i) cos 0 J 

(87) 

which is the condition sought. 

73. It may be remarked that, since 
rt/+ bm *fi cn — (i# + cm) cos A — (cl + rttt) cos i? — (am A- bl) cos A = 0 

always, any straight line (?, m) whatever is to be regarded as 
perpendicular to the straight line at infinity (Art. 52). 


14. It is only necessary to remind the reader that the conditions 
of the immediately preceding Articles, as wcjl as the condition 
for the parallelism of two given straight lines, follow- at once as 
corollaries from the results of Arts. 50, 51, of the last chapter. 

75. To find the symmetrical equations of the straight line which 
passes through the point (a 0 ,ft, y o)>and is perpendicular to the straight 
line (lit W\t n \\ 

The required equation is, (Art. 33,) 

Q — q o __ P — ft __ y — yo 
smrti bin^ sine?! ’ 

t 

that is, (Art. 42,) 

q ~ q o ff—ft _ y— y 0 

v/ i rtqcos 6'— n x c osi/ ?n x — n x cqpA — ^cos C n x — I x qq$B — m x aosA * 

( 88 ) 

76. To find the homogeneous equation of the straight line which 
passes through the point (a 0 , ft, y*,), and is perpendicular to the straight 
line (l x , m l} n x ). 
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Suppose 7i'* + w,3 + w s y= f 0 (80) 

to be the equation of the perpendicular. 

Since it passes through (a 0 , fi Qf y 0 ), v r e have 

+ w 3 y 0 = 0. (90) 

Also, since it is perpendicular to we have (Art. 69.{83\) • 

/ 9 sina! -f; w*sin + ?? a sin^ = 0. (91) 


Hence, eliminating / 2 , w 9 , w a . between equations (89), (90) and (91), 
we obtain for the required equation 


Or, (Art. 42,) 


P> 7 


a o, yo 

sin a ly sin b l9 siii c x 


= 0. 


(92) 


a > P> y 

a o» A» yo 

/i — J^COSC— fyCOSl?, Wq—WiCOS.l— ZjCOsC, W,— /jCOS# — m^OSj 


= 0 . 


(93) 


77. To find the homogeneous equation of the straight line which passes 
through the point (a 0 , ft,, y 0 ), and makes an angle a> with the straight 
line (f lf Wj, »,). 

Assuming / s a + = 0, (94) 

for the equation of this straight line, we have, since (a 0 , /3 0 , y 0 ) lies 
upon it, 

/ 2 a 0 + o + w 2 y 0 = 0. (95) 

Also, since its direction-cosines (Art. 32) are cos (« + o^), 
cos (to ■+■ bi), cos (o> + Ci) } the relation (26) of Art. 31 becomes 


l<i cos (g> 4" ^i) 4“ Mi cos (o> 4“ ^i) 4~ ^2 cos (o) 4* ^ 1 ) = 0. (96) 

Therefore, eliminating ~ 2 , m 2 , n 2 between (94), (95) and (96), we 
have lor the required equation 
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a, ft 7 

a o» ft« 7o — 0. (97) 

COS^ + ^x), COs(a>-f- Jj), COS(a)4-^) 

But (Arts. 41. 42) cos (© + a x ) = cos oj.cos^ — sin o.sin ^ 


1 ( sin i/, sin (71 . /7 ~ 1 

= Jr t cos <» w w 1 cosC'--» 1 cos£) 

{*!> Wi, l n \ I j 


__ ^x sin (a)-f 7?) + r»?x sin (w — C) — sin n 

{t\, Wi, ?‘l} 

with similar values for cos (® + ^), cos (® + c,). 

Hence (97) may be written 

a, a 0 , ^x sin o) — ^x sin (a)— (7) — Wj sin (cd+J?) 
ft ft, m x sm ® — sin — sin(a>-(-0) = 0. 

Vi 7o> Wi sin a) — /x sin (o — Z7) — m x sin (w + A ) 


( 98 ) 
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CHAPTER V. 

i , 

ENHARMONIC RATIOS. HARMONIC POINTS ANP, PENCILS. 

HOMOG RAPH1C SYSTEMS. INVOLUTION. 

78. In the present Chapter a short account will be given of the 
theory of Anharmonic and Harmonic section, so far as it relates to 
the properties of the point and line. For a more complete in- 
vestigation of the subject the reader is referred to geometrical 
treatises a . 

79. When a pencil of rays, originating at a centre 0, is cut by 
a transversal in points P X ,1\,P Z} . . . ., P x P 2 ,P x P i9 P 2 P\ .... are 

Fig. 13. 


o 



conveniently employed to represent not only the corresponding 
segments of the transversal, but likewise the angles which those 
segments subtend at the centre of the pencil. In the same way ~ 
shall occasionally use P l9 P 2 , P 3 , .... to denote the rays 0P Xy OP 2 
OP, 

With reference to the range of points P x , P 2 , P 31 .... the trans- 
versal is sometimes called the axis of the system. 

a I may mention Townser 1 * s “ Modern Geometry,” Hodges, Smith, and Co., 
Dublin, 1863—5. 
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80. 'Definition of Ani armonic ratio . Let the segment (or angle) 
P X P 3 be divided, as in the figure of the last Article, by the two 

P P P P 4 

points (or lines) P 2 , P 4 ; and let the two ratios 77-77 > 77 - 77 

^3-^2 Lh 

^7)7)’ iin ' A"^ ) be denoted P* ( or ** respectively. 


or 


Then the ratio p 2 l p 4 (or o- 2 .’ cr 4 ) and its reciprocal p± : p 2 ( or 
<r 4 I o- 2 ) are the two anharmonic ratios which are due to the division 
of the segment (or angle) P X P 3 . 

Written at full length this pair of Anharmonic ratios will be 


or 


P x P 2 Pi Pi A , 

*• 77 77 , and its reciprocal, 

Pi Pi Pz Pi 

and its reciprocal^) : 
sin P 3 P 2 sin P 3 P A J 

but the following abbreviations are often used ; viz. 

{P X P 3 ,PJ\} and {PJ^PJ\\, 

to express the pair of ratios for the system of points, and 

{ OJ\P 3t PA\} and { O.P x P 3y P,P 2 } 

to represent the corresponding ratios for the pencil. 


(99) 

( 100 ) 


81. But when four points on a common axis ( r rays through 
a common vertex), P u P 2y P 3 , 2 J 4 , are given, any one out of the six 
segments (or angles) P x P 2y P X P 3 , P X P^ P 2 P 3 y P 2 P i} Pfi\, may be re- 
garded as the divided segment (or angle), and we shall have ac- 
cordingly twelve anharmonic ratios ; viz. the following six, 

{iVP* JVP 4 }, {AA, 1 \P 3}, etc., 

and their six reciprocals 

{P x P 2 y PJ\} y {PAPA}, {PiP 4 ,PP 2 }, etc. : 

(or the corresponding ratios of sinea). Their number, however, is 
only half of that stated above; for it vill be found that the ratios 
of the segments (or sines of the segments) of P X P 3 , made by P 2 Pi, 
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are the same in sign and magnitude as thope of the segments (or 
sines of the segments) of P 2 P t 4, made by ti\, 1 \ ; so that {P x P iy 
P^l't} = { 7 * 2 74 . P\P 6 }, and so on. Hence for a system of four 
points (or lines) there are hut six different Anharmonic ratios , whereof 
three are the reciprocals of the remaining three : viz . 

{ c , p , {p x i\,r t p t }, 

{7>,P 2 ,i> 4 P 3 }, {PJ\J\T\\- 

82. These six Anharmonic ratios may be represented briefly by 
AT, I", and their reciprocals; and from an inspection of their 
actual values it appears that 

XYZ=-l, and— ~-y = - 1 . (101) 

The student will have no difficulty in proving that they are also 
connected by the following relations; 

-A jp — 1, Y -f- = 1, Z -j- y — ^ 0^0 

83. If a pencil of four concurrent lines he cut hy a transversal , the 
anharmonic ratios of the four points of intersection are equal to the 
corresponding ratios of the pencil , and are therefore the same for any 
position of the transversal. 

Let a pencil, having its centre at 0, be cut by a transversal in 
the points 1\, P 2 , P 3 , I \ . 


Fig. 14. 
O 
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Usir ; the notation o° Art. 80, we have 
tpp p pi — : P '- 7>4 

1-* 3> ■*-'1-^ 4 / — p j ) p 


3 z 2 J 3 f 4 

A OI\P 2 aOP,P 4 
A 07 3 /V 

0/V 0P 2 . sin P,P 2 OA. 0P 4 . sin i>/> 4 


, (Euc. vi. 1,) 


oiv oiv sin p 3 p 2 * op 3 . op 4 . sili p 3 p 4 


sin P, 7^ sin PjP 4 
sin P 3 P 2 sin P 3 P 4 

= {0.1\P, y P 2 P 4 }. (103) 

And the same may be proved with respect to the remaining live 
anharmonic ratios of the range. 


84. It follows from the thooiem of the preceding Article that if 
tic* pencil* originating at 0 and O', are such that their rags intersect f 

Fig. 15. 


o 



two and two , in points which lie in the same straight line , they will 
have the same anharmonic ratios. 

For, if P lf P 2) P 3 , P 4 be the points of infy&rscction of the two 
pencils, then, since their annarmonii rados are equal to the cor- 
responding ratios of each of the pencils, we have 
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{0J\i\,p 2 Pt} = {p^riPt} 

= {O'MPvPiPt} ( 104 ) 

etc. = etc., 

and the pencils are therefore eqni-anharmonie* . 

85. Any two pencils which arc so mutually related that** their 
corresponding rays intersect in pairs collinearly are said to be in 
'perspective, or in homology with each other ; and the line on which 
their common points lie is called the axis of perspective , or the axis 
of homology. 

8G. Definition of harmonic section. Any segment (or angle) is said 
to be harmonically divided by two points (or lines) when each of its 
two anharmonic ratios (Art. 80) — — 1 . Thus the line (or angle) 
I\ jP 3 will be divided harmonically by the points (or lines) P 2) 1\, 

P, P 2 . P, 1\ f sin 1\P , . sin J\P t \ . 

provided that ^ ^ \oi j, or its recipro- 

cal, = — 1 ; and then the points (or lines) 1\, P 4 , are said to be 
harmonic conjugates with respect to J\, J \ ; and 1\, 1\ form 

a harmonic range (or pencil). 


87. The equation of liar mom cism 

Pi Pi. PiP*_ 

P*l\ * ~~ 

may be written in the form 

PiP* P\ Pj 

P. *Pi- P> Pi 


(105) 




Hence we conclude that a segment uhich is harmonically divided is 
divided internally and externally in the same ratio. This is some- 
times taken as a definition of harmonic section. 


b Equi-anlmrmonic syster s of points Oi' lines are said to be homographic. 
The tw > pencils in fig. 15 a.e belli homographic ‘AiuLperspectioe, (Art. 85). 
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88. Another definition is afforded by the following property, 
which is v asily deduced from (105). If the segment P 3 le har- 
monically divided by P 2 , P 4 , and C be the point which bisects P X P ^ ; 
then 

CP * = CP 3 2 = CP 2 . CP 4 . (107) 

89. The condition of harmonic section may also be written in 
the form 

{iVP,, tvp,} = {p,p,. pj\\, (108) 

(or { 0 . P,P„ P 2 P 4 } = { 0 . P,P 3 , P 4 P 2 }) ; (109) 

for the only case in which the two reciprocal ratios of a divided 
segment (or angle) are equal to each other is that in which the 
dividing points (or rays) are harmonic conjugates of the two points 
(or rays) by which the divided segment (or angle) is terminated c . 


90. To find the anharmonic ratios of a pencil of four concurreyit 
lines whose direction- angles are given . 

Fig. 16 . 


o 



Let the direction-angles of the four rays OP x , OP«, OP „ OP 4 , 
%, b x , f,), (a 2 , b t , c 2 ), {a 3 , b 6 , c 3 ), (<r 4 , b 4, c 4 ) respectively. Then if 


For (108) gives 


P P 

x 1 x 2 

P P 

* 3 X 2 


P>Pj 


= 1. Therefore 


AA 

PJ\ 


= + 1 ; 


and, neglecting the positive sign, since it^makes the points P 2 , P 4 , coincident. 


P P 

we have — 1 — 2. : 

P.P. 

( 105 ).). 


—— = — 1, the conditicn 0 ^ harmonic section,* (Art. 87. 

■*3 * 4 
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(a 0 , A), y 0 ) be the co-ordinates of 0, the, equations of Jjhe rays 
will be 

a — q o __ ft — ftp __ y — yo et(?# 
cos cos & ~ , cos ^ 

Also, as in Art. 32, 

3 ^ 

ZPlP 2 — ^1 — #2 — — ^1 — ^2 — ^1 ^ 2 > 

with similar values for the other angles of the figure. 

Hence, to take only one of the six anharmcnic ratios (Art. 81), 
viz. 

sin P X P 2 m sin P X P 4 
sin P 3 P 2 sin P 3 P/ 

we have for its equivalent in terms of the direction-angles 
sin 0,— aj) . sin 

sm (r/j— rt 3 ) ' sm («j— « 4 )’ ' ’ 

♦ 

or either of the expressions derivable fiom this by the substitution 
of (b l% b 2 , b :x ) and (c u c 6 ) successively for a 2 , a x ). 

The remaining five ratios may be formed in the same manner. 


91. To find the condition that four concurrent straight lines , whose 
direction-angles are given , should form a harmonic pencil . 

Recurring to the figure and notation of the last Article, we 
have, as the equivalent of the relation 


sinPjPs sinP^ 
sinP { P 2 * sinP 3 P 4 


= - 1 (Art. 87), 


si n ^q — rQ _ si n(^ — a 4 ) __ _ 

sm (a 3 — a 2 ) ’ sin {a 6 — a 4 ) ~ 5 ' 

in which, as before, (a l9 a 2 , a 3 ) may be replaced by (b l9 b 2 , b s ) or by 

(t?i, <?2, e 3 ). 

If the condition (111) be satisfied, the pencil will be harmonic, 
and (cos a 2 , cos b 2 , cos <? 2 ) aud/rfos a 4 , cos b 4 , cos c 4 ) will be harmonic 
conjugates with respec^ tofeos a l9 cos b l9 cgs c x ) and (cos tf 3 , cos i 3 , 
cos c 3 ). 


E 
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92. To find the anharmonic ratios of a pencil of four right lines 
which pics through the * intersection of the given lines ( l , m, n), 


Vo, w 0 , «o). 


Fig. 17. 



Let the equations of the four rays OP x , OP 2 , OP iy OP A (Art. 
16) be 

(4>, w®, *0 4 4 (/, w, — o, 

(Z 0 , Wo, » 0 ) — 4 2 {h n)~0, ^ 112 J 

(k,rn Q) nf) — k 3 (l,m,n)= 0, 

Vo, Wo, «o) — ^4 V, W, n) = 0, 

respectively. 

Draw any transversal, parallel to (l, m , w), meeting the succes- 
sive rays of the pencil in p u p 2 , p*, p 4 , and (/ 0 , %, » 0 ) in L . Then, 
(Art. 83. (103).), 

{O.P 1 P 3 ,P 2 P 4 } = {PxP^PtPi} 


P 1 P 2 . P\fP\ 

P‘SP2 ’ i?3^4 

P \L—pJL . p x L—pJj 
p d L—p 2 L * p x L—p 4 L 


h\ 4* 2 # 4*j — ^ 


(113) 


4* 3 ^4 4*3 4*4 

and the other five ratios may be formt i iii a similar manner. 
d For p 2 L, etc. are proportional to the lengths of the perpendiculars 
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93. From (113) it appears that the rnharmonic ratify of the 
system of rays are independent of the constants in the equations 
of the given pair of lines ( l 0) m 0 , w 0 ), {l, m, n ). 

Hence, if there be another pencil of lines having for their 
equations 

(Z'o, m' 0y n\ 0 ) — Jci ( T , m , w') = 0, 

(/' 0 , w'o, w'o) — h (f> n’) = 0, ^ 

(Z'o, m' 0 , ri 0 ) — k 3 (l'y m‘, ri)=z 0, 

(Z'o, »'o» »'o) — ^4 (f, m' f n') = 0, 


this pencil will have the same anharmonic ratios as that of the last 
Article; in other words, the equations (112) and (114) represent 
homographic systems. 


94. To find the condition that four straight lines which pass through 
the intersection of the pair of lines (7 0 , w 0 , n 0 ) f (/, m, n) should form 
a harmonic pencil . 1 

Let us employ the same notation as in Art. 92. The equation 
of harmonicism 

P,P 2 P,P 4 _ 

P 3 P 2 * P 3 P 4 ’ 


(Art. 87. (105).), becomes, by reason of (113), 
h\ ^ 

^3 ^*3 ^4 


(115) 


and, if this condition hold, the second and fourth lines of (114) 
will be harmonic conjugates with respect to the first and third. 


from p l9 p 2 > etc. upon (l 0 , m of n 0 ), and therefore, as will now be shewn, to 
k lt Jc 2 , etc. respectively. 

Suppose 5 to be the length of the perpendicular upon ( 7, m , n) from an , 
point on the transversal. Then (Art. 46) the perpendicular from p x [(a, j 8 , 7 ) 


-i n \ L<t + + n 0 y la + + ny r/ ,,_ N _ , 

Say] upon [(U2) first eq.] 

= kl = 8*, (Art. 47) = C*,. where 

ft Q .m oi n 0 ^ m, m 0 , w 0 | 

C is a constant for all points on the transversal. 
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95. T<+ find the form « / the equations of any pair of straight lines 
which are "armonic conjugates with respect to the given pair (l 0 , m 0) n 0 ), 
(l, m , n). 

Let (l 0 , m 0 , m 9 w) = 0 (116) 

(Z 0 , m 0J n 0 )—h 4 (’, m, n) = 0 (117) 

be th^ equations of the pair of conjugates. 

Applying the condition (115) to the equations 

(Jo, m 0 , n 0 ) = 0 
(7 0 , w 0 , n 0 )—k 2 (J, m -> n) — 0 
(l, m, n ) = 0 

(Jo ,*w 0 ,« 0 ) — i 4 (J, w, ») = 0, 

we find that (116) and (117) will represent harmonic conjugates 
with respect to the given lines provided that 



or 


£ 2 = — 7*4 = k (suppose). 


Hence four straight lines whose equations are of the form 

(l 0 ,m 0 < n 0 ) = 0 
(/, m, n ) = 0 

(Jo* »o) + * (j* * ) = 0 

(j 0 , W 0 , »o) ~ K (J, W ) = 0 


(118) 

(119) 


/Vw harmonic pencil, (118) (119) fomy conjugate pairs. 


96. Cor. Since the equations 

(In m \> n i) =: ^ 

0 2, ^2, W 2 ) = 0 

7ja + 4" ^sA + fli v 
{/i, ~ {4, W 2 ,W 2 } 5 
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(Art. 62. (74).), are of the required form, we see that th', internal 
and external bisectors of the angle include ^ by any pair of 4 iglit lines 
cure harmonic conjugates with respect to them . 


97. In the preceding Articles we have taken th,e most general 
case. It will be at once seen that the harmonic pencil formed by 
the lines /3 = 0, y = 0, /3 + y = 0, /3— y = 0, affords an instance of 
the theorem of Art. 96 : also that the pencil 


P — l\y = 0 
(3 — k 2 y = 0 
/3 — h 6 y — 0 

ft — hy = 0 


( 120 ) 


is homographic with (112) and (114). 


98. To prove the harmonic properties of a complete quadrilateral . 
Let C l B 2} B 2 C 2 > C 2 B u be the sides of the tetragram ;* and 


Fig. 18. 
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let A v B v B 2 ; C i, 6' 2 be the pairs of intersections of opposite 
sides ; als«. let X, F, X bq the points of intersection of the three 
diagonals. 

Take A l B 1 C i for the triangle of reference, and let the equations 
of its sides, taken in order, be a = 0, p = 0, y = 0, respectively. 
Assume for the equations of the two diagonals IF, ZX 

la — nip = 0 . . . i^JF) 

9ly — la — 0 ... ( ZX) 

respectively. The equation of h 2 C 2i the fourth side of the quadri- 
lateral, will be of the form ny — la + kp ~ 0 ; also of the form 
la — mp + k'y — 0, (Art. 1G) : and, identifying these two equations, 
we get 7c = m, Jc l =z —n; from either of which we find 

la — nip — ny — 0 . . . (B 2 C< i) 

to be the equation required. Also, since the line A x X passes 
through the intersections of p 0 with y = 0, and of XY (la — nip 
= 0) with ZX(ny—la — 0) f its equation will be of the form 
p Icy = 0, or la—mp 4- k'(ny—la) = 0 ; and identifying, as be- 
fore, we gret 7c' ~ 1 , 7c~ — — z= — - ; therefore the equation of 
A x X is 

mp — ny — 0 . . . {AiX). 

Again, since YZ passes through the intersectioni of p = 0 with 
y zz 0, and of a = 0 with B 2 C 2 (la — mP — ny — 0), we obtain, by 
a similar process, for its equation, 

mp 4- ny = 0 . . . ( YZ), 

• Hence X, (7, (P = 0), 

A l C 2 (y = 0), 

XiX (m/3 — ny 0), 

Xj F (wjS 4- = 0), 

(Art. 95,) form a harmonic pencil, anc C U C 2 ,X, Y are four har- 
monic points. • 
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la the same way it may be shewn that 

{B , . A x A 2t YZ}, { C \ . B,B 2) 17} 
are harmonic pencils, and, consequently, 

{AA, YZ}, {BA, XY} 

harmonic ranges. 

The triangle XYZ is sometimes called the harmonic triangle , 
since its sides are harmonically divided by, the pairs of points 
A l9 A 2 ; B lt B 2 ; C y , C 2 , respectively. 

99. The reader will observe that the harmonic properties of the 
quadrangle (or tetrastigm ) are also established by the proof just 
given in the case of the quadrilateral. We have, therefore, as the 
result of Art. 98, the two following reciprocal theorems. 

(a) In every tetragram the three pairs of opposite intersections 
divide harmonically the three sides of the triangle determined by their 
three lines of connection . 

(/3) In every tetrastigm the three pairs of opposite connectors 
divide harmonically the three angles of the triangle determined by 
their three points of intersection . (Townsend’s “Modern Geo- 
metry,” Art. 236.) 


IlOMOGRAPniC SYSTEMS OF POINTS AND LINES. 

100. Definition of homography . — Two rows of points on any axes 
(or pencils of rays from any centres), p x , p 2 , . . . and q u q 2 , q M . . ., 
are said to be homographic when they correspond in such a manner 
that the anharmonic ratios of any four points (or rays) of the one 
are equal to those of their four correspondents in the othe^. 
(Art. 84, note.) 

The homography of the two systems is expressed by the equation 

{PlPlPi • • •} = {M2?3 * • •} 

(or {O.p^p-i. . = {O.q^q ,,. . .}), 

but ii the following Articles, for the sake ^f brevity, the former 
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notation^ only will be used ; the student will have no difficulty in 
seeing wb 're the latter is implied, and the ratios of segments may 
be replaced by the corresponding ratios of sines. 

101. Three p'lirs of corresponding points (or rays) are sufficient to 
determine two homographic systems; for if we suppose the three 
pairs p u q x ; p 2 , q 2 ; p 3 , q 3 , to be given, the correspondent q A of any 
fourth point (or ray) jt? 4 (taken in the first system) is known from 
the homographic re 1 at ion 

{PiPiPsP*} — {MsMi}- ( 121 ) 

102. Point on either axis which corresponds to the point at infinity 
on the other . Let 7, J be those points of two homographic systems 
{P^P^Ps . . {ft, q«,q a • • *}> which correspond respectively to 
q<xn P oo ? the points at infinity on the two axes. 

We have, by the condition of homography (Art. 100), 



{PlP«p 3 I} = }• 


that is, 

PiPs.PiT 

PiP% lhi~ faffs ?2?co’ 



_ Ms. 

(122) 


9.2 9* 

Similarly, 

9l ?3 . <h£ _ Pxlh 

?2?3 q«.J ~ pip* 

(123) 


103. From (122) and (123) it appears that if the correspondent 
of the point at infinity on either axis , and two pairs of corresponding 
points , he given , the correspondent of any third point , taken on either 
Of'-is, is known. 

104. If the points at infinity on the two axes correspond , the systems 
Vv ill he similar : for then 

{PlP2P3Pv} = { v i <h 9s 9* }> 

Pi h __ 9i±% 

P*Pz 9*9* 


whence 
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or, jthPi __ q* D 

Pi Pi *“ <h qi 

Similarly, = Mi and therefor(J M* = ftft. 

jpsft P 1 P 2 <h q* 

Therefore p 3 : : p Xj p 2 = g 2 g 3 ; </ 3 ^ : & ? 2 . 

And, conversely, the points at infinity on the axes of two similar 
homographic systems correspond . 

COAXAL (or CONCENTRIC) HOMOGRAPIIIC SYSTEMS. 

105. Double points and lines . — In every system of two homographic 
rows on the same axis {or pencils of rays from a common centre) there 
exist two points {or rays), called double points {or rays), which are their 
own correspondents . For supposes the two coaxal systems to be 
{PiPiPi • • •}> { tfiMs • • •}* Since they are homographic, we have 

{PiPtfi- ■ •} = {iiMi - • ( 124 ) 

Let /, J (Art. 102) be the poiuts which correspond to the points 
at infinity p ^ , q x , and suppose x to be a point which belongs to 
both systems and is its own correspondent ; we have by (124) 

{PiPoo lx} = {?,</?«, x}, 

or, El L ; ElEL — ll 1* ; h- ■ 

Poo 1 ' Poo* ~ J Qoo ' J * ’ 

therefore p x x q { x 

p x l J x 

P\X — Pi gl 
~~ PiX-PiS 

(by introducing an origin^), whence we get 

ivf — (pJ+ Pi J )P\ x \ ^rpJ-Piqi = 0, (125) 

a quadratic which determines two positions of x , its distance being 
measr ;ed from p L . 
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If C he the middle point of the segment IJ } we have 

p x T+ Pv r 

PiC - — ^ — ' 

and (125) becomes 

Pi*\ 2 ~ ZpiC.p&l + pj.p^x = 0. (126) 

There are therefore two double points (which we shall call 
P and Q), real or imaginary. They will manifestly be on opposite 
sides of the origin if p Y C = 0, that is, if the origin be at C the 
middle point of IJ\ since their position will then (126) be given 
by the equation 

+ Cl. 00'= 0, (127) 

in which C' is the correspondent ©f C. 

Iu6. Hence the segments IJ and PQ are concentric . Also from 
(127) it appears that if (7G"= 0, P and Q coincide in the point C. 

107. Any pair of correspondents {say Pi,qQ divide PQ into seg- 
ments ichose anharmonic ratios are constant . For since, by their 
definition, P and Q are their own correspondents, we have (124), 
from the homography of the systems, p 21 q 2 being any other pair 
of correspondents, 

{PiPzPQ} = {q x <hPQ}, 

PiP PiQ_9iP 9j_Q 

° r ’ 2hP : PiQ~ c h <r 

in other words, the ratio 
1 ■ pi P . PiQ ■ 

' P ' <h Q 

is constant. 


108. From the theorem of the las^ Article it follows that, if one 

of the double points ( Q J suppose) he at infinity \ the ratio for any 

g l P 
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pair of correspondents p u q u is constant : tnat is to say, the systems 
are similar . 

on involution. 

109. Definition of involution. — When two liomograpliic coaxal rows 
(or concentric pencils) are such that every point (or ray) has the same 
correspondent , to whichever sysLm it be regarded as belonging, the '■ two 
rows (or pencils) are said to form a system in involution , and the cor- 
responding constituents are called conjugates. 

110. Two pairs of conjugates are sufficient to determine a system in 
involution. F or, if two points p\,p^, and their conjugates q lt q», be 
given, the conjugate of any fifth point p 3 , is known (121) from the 
equation 

= ( 128 ) 

111. It follows at once from (128) and the other similar equa- 
tions that any three pairs of conjugates of two homographic rows (or 
pencils) in involution a^e connected by the following relation , 

m l . M? . _ j 

lhqi pi & P2<d~ ’ 

(129) 

f sin p 2 q x sm p 3 q 2 sin p x q 3 \ 

V s nl 2h<]i sm p x q, m\p 2 q 3 j 

and co, versely, when two homographic rows (or concentric pencils) are 
such that these relations hold between any three pairs of corresponding 
constituents, the rows (or pencils) are in involution . 

112. Any pair of conjugates are harmonic conjugates with respect to 
the double points of the involution. For, since P, Q (Art. 105) are 
self-conjugates, we have, supposing p ly q x to be any pair of conju- 
gate points, 

{PiqXQ} = {frPiPQ}, 

which shews (Art. 89. (108).) that p u q x are harmonic conjugates 
with r spect to P and Q , 
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113. ( Hence (Art. 88. (107).), if C be the point of bisection of 
PQ , we lave 

CP* = C($ = Cp h . ,Cq x = Cp 2 . Cq 2 = . 

(7 is called the centre of the involution, and evidently, if circles be 
described on the segments p x q ly p>q 2 , . as diameters, they will . 

Fig. 19. 



ail pass through the same two points, and C will be that point on 
the line of centres through which the radical axis of the system 
passes. 

114. The results of Arts. 112, 113, afford definitions of involu- 
tion which are more convenient than the one given in Art. 109, 
since they admit of a simple geometrical interpretation by refer- 
ence to the well-known properties (i.) of harmonic points, (ii.) of 
a system of circles having a common radical axis. Thus any one 
of the following definitions might have been given. 

115. When three or nore pairs of collinear points ( or concurrent 
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lines ) are harmonic conjugates with respect lo a fixed pair , they are 
said to form a row [or pencil) in involution , and the fixed v )pair are 
called the double points [or lines ) of the system. 

116. Or, when three or more pairs of collinear points', p x , q x ; p 2 , q 2 ; 

^ 3 ; • • are so situated ivith reference to a fixed piint C on their 

common axis that 

Cpi . Cq x = Cp 2 . Cq 2 = Cp s . Cq 3 = . . . 

= a constant 

=: + ]c 2 {sa^J), (130) 

the points are said to be in involution, and the point C is called the 
centre of the system , the involution being said to be positive or nega- 
tive according as k 2 is affected by the upper or lower sign. The 
double points P, Q t since they are given by the equation 

Cx* ±k 2 = 0 (131) 

t 

(130), are equidistant from C and on opposite sides of it, and will 
be real or imaginary according as the involution is of the positive 
or negative kind. 

117. Or again ; if a system of three or more pairs of collinear points 
p u q x ; p 2 , q 2 ; p 3 , q 3 ; . . . be such that the circles described about the 
segments p x q x ,p 2 q 2 ,p ... as diameters have a common radical axis , 
the system is said to be in involution. The point C, in ivliich the 
radical axis meets the axis of the collinear system , is called the centre 
of the involution , and the involution is said to be positive or negative 
according as the points p x , p 2 ,p 3 , . . . and their conjugates q l9 q 2 , q 3 , . . . 
lie on the same or on opposite sides of this central point. In the former 
ease there are two points , P and Q, — viz. the limiting points of the^ 
system of circles (being, in fact, circles with infinitesimal radii) — 
equidistant from C and on opposite ^sides of it, which , when con - J 
sidered with reference to the collinear system , are their own conjugates 
and are therefore called the double points of the involution. They are 
the points in which the axis of the involution is met by the circle , of 
radius k (131), which cuts the above system of circles orthogonally. In 
the latter case such double points do not exis$. fehere being no points 
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belonging to the system which possess the property of being self- 
conjugate. 

In both cases the centre C is the conjugate of the point at infinity . 

118. It will be observed that the definitions of Arts. 116, 117, 
do not apply to a system of lm n s in involution, which may be 
defined as in Arts. 109, 115. It is obvious, however, that any 
pencil of rays through an involution of points forms a system of 
lines in involution, of which the corresponding rays are those 
which pass through coniugate points. Also the rays which pass 
through the double points will be the double lines of the involu- 
tion. Similarly, a pencil of lines in involution is cut by any 
transversal in points which are also in involution. 

119. In a pencil of lines in involution there exist always two con- 
jugate rays which are at right angles to each other : for suppose p v q x \ 
p 2 , q 2 ; p-^q^ to be pairs of conjugates of the involution in which 
the pencil is cut by any transversal, and let circles be described on 
the segments p x q x , p 2 q 2 , p.s £3 ; these circles (Art. 113) will have 
a common radical axis. Let now that ciiele of the system be 
described which passes through the vertex 0 of the pencil, and let 
pq be its intercept on the transversal : p , q are evidently conjugates 
of the involution of points, and Op, Oq, consequently, conjugate 
rays of the given pencil. Also Op , Oq are rectangular, since pq is 
a diameter. 

120. If more than one pair of conjugates of a pencil in involution be 
rectangular , every pair will be so ; for then the vertex of the pencil 
is evidently one of the two common points of the system of circles 
'described as explained in the last Article. 

121. From the definition given of involution in Art. 115 it ap- 
pears that straight lines whose ^ equations are of the form 

(l 0 , m 0 , n Q ) + 1c x {l, m,n) = 0 
( l 0 , Mot w 0 ) + h (h m,n)=> 0 
(Jo* m o , Wo) ( + h (h rn, n } = 0 


( 132 ) 
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I 

form a pencil which is in involution with t ie concentric homographic 
pencil ( Art . 93) represented ly the following equations f 


the straight lines 


(/o, w 0 , Wo) h\ (ly m, n) — 0, 
{l Q ,m Q , n 0 ) - k 2 (l,m]n ) = 0 , 
(4, wio, n 0 ) — (l y m , n) = 0, 
= 0; 


(4> w 0 ) = o 

(ly m, n) = 0 


(133) 


(134) 


being the double lines of the system . For we have seen (Art. 95) 
that (132) and (133), taken in pairs, are harmonic conjugates with 
respect to (134). 


122. Similarly the straight lines 

/3+ y = 0 

0 + *iV = 0 
/3 + t 2 y = 0 
=0 


(135) 


form a system in involution of which 


0 = 0 
y = 0 


(136) 


are the double lines, since each pair of (135) forms with (136) 
a harmonic pencil. 
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CHAPTER YI. 

THE GENERAL EQUATION OF THE SECOND DEGREE. 

123. We now proceed to discuss the trilinear equation of the 
second degree, the most general form of which (Art. 13) is 

<f) (a,/3 ,y) — Aa 2 -f“ Cy 2 -J- 2 Tfiy -j~ 2 Eya -f 2JFa/3 ~ 0 ; ( 1 37 ) 

and whenever, in this chapter, the equation c£(a,/3 , y) = 0 , or the 
curve <£(a, / 3 , y) = 0, is spoken of, the reader will understand that 
the complete equation (137), or its locus, is intended. An investi- 
gation of various modified forms of the equation of the second 
degree will be found in the next chapter. 


124. To shew that the general equation of the second degree always 
represents a conic section. 

It was shewn (Art. 13) that the general equation of the second 
degree, </>(a, j3, y) = 0, may be thrown into the polar form 






r + <£(a 0 , /3 0 , y 0 ) = 0. 

(138) 


Now, since (a 0 , / 3 0 , y 0 ) may be any point and the direction-cosines 
(X, ft, v ) may have any values whatever, this quadratic shews that 
a straight line be drawn through a point (a 0 , /3 0 , y 0 ), in any direc- 
tion, it will meet the locus of <£(a, /3, y) = 0 in two points, which are 
either real, coincident, or imaginary. 

Hence the locus of the general equation is a curve of the second 
degree, that is to say, a conic section. 


125. To find the conditions that the general equation of the 
second degree should represent a Ilypet bola , a P^raboia , j or an 
Ellipse. 
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Prom the equation (138) it appears that the directions of the 
asymptotes are given by the equation 

$(X, **) = <), (139) 

or A\ 2 -j- Ci ? -f* jtDjiv -j- 2 Evk -j- 2JF T X/o= 0 j 

whence, eliminating v by means of the relation 
ci\ -j- bfx cv ~ 0, 
we get, to determine the ratio X : /*, 

A\-+ 7V + 2 '{Dp + E\) + 2F\p = 0, 

which, on arranging the terms, becomes 

(Ae-+ C<? -2Eca)X 2 +2(Fc- -Ehc- Dca -f C , «i)X/i+(C'J 2 +iJc 3 -2 J DJcy=0. 

(140) 

Now the roots of this equation are real and unequal, coincident, 
or imaginary, according as 

(F<?—Ebc—Dca+ Cab f = (J<?+ Ca?-2Eca) ( CF+B<?-2Dbc). 

This condition may be put into another form, for, multiplying 
out and dividing by o 2 , we get, after arranging the terms, 

(tf-JBCy + (E 2 - CA)b 2 + (F 2 ~ABy 
+ 2 (AD-EF)be + 2 (BE-FD)ca + 2( CF—BE)ab = 0, 
that is (Prelim, chap. (B).) 

-( A' a 2 +B'P+ C<? + 2D' be + 2 E'ca + 2 Fab) = 0 ; 
or, according to the notation explained in Preliminary chap. (E), 

— <j>(a t 5, c)' ^ 0 (141) 


F 
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f 


or, “A* | 0. (142) 

Hence the equation <£(a, ft y) = 0 represents a Hyperbola , Parabola , 
or Ellipse , according as 

(j)(a, b, c )' 15 negative , or positive , 

or as is positive, zero , or negative. 

126. Equation of the chord joining the two points (a l5 ft, y^, 
(a 2 ,ft, y 2 ) the conic <£(a, ft ( y) = 0. 

The equation 

<0 (a—at)+i?(0—Pi) (P— P»)+ C'(r-yi) (y— yj) 

+ 2){0— ft)(y— y 2 )+(y— yi)(/3— ft)}+^{(y— yi)(“— “ 2 ) 

+ (a— a,)(y— y 2 )}-|- -f{(a — ai)(0— /3 2 )+(/3— Pi)(a— a 2 )}=-<4a 2 + 

"f" 2J9/3y-j-27ya-f- 27aft (143) 

is evidently satisfied by the co-ordinates of boLh the given points ; 
and is linear, since the higher terms disappear on expansion. 

It therefore represents the straight line on which the given 
points lie, and is the required equation of the chord of the conic. 

7b /wg? the equation of the tangent to the conic </>(a, ft y) = 0 o £ 
the point (a 1? ft, y^. 

127. TYr^ method. — Writing a l9 ft, y x for a 2 , ft>, y 2 respectively in 
(143) (since this is the same as making the two points on the 
curve, through which the chord passes, coincident), we get for the 
equation of the tangent at (a 1? ft, y^ 

A(a—a 1 ) 2 + ft) 2 + 0{y — yjf + 2D($— ft) (y— yi) 

+ %E(y — yi) (a — a x ) + 27 7 (a — (£ — ft) = + i?i3 2 + 6y 2 

2 1) /3y -f- 2Eya 27 aj3 J 

or, 

^ai 2 -4--5ft 2 -f- C'yi - -f“27)fty 1 -|-27y 1 a 1 -t“27 : a 1 ft ~ 2{(-4c. A -f-7^3 ]L -|- JSy^a 
+ (7(2! 4 Z‘ft + -Dy 1 )/3+(7i 1 +Z?ft 4 " Cy i)y). (144) 
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But the left-hand member of this equation vanishes, since 
is on the curve ; we have therefore 

(u4a 1 + ^i-f^Vi)a+ (JFax + JBpi + Dyi)^ + (Uai + D/3i+ Cy^)y=. 0, 

which may be written in the abbreviated form 



or again (Prelim, chap. (. F).), thus, 

(^) ai+ (J) ft+ (4V =0; (i46) 

the expressions which form the left-hand members of these two 
last equations being identically the same. Other methods of find- 
ing the equation of the tangent will now be given. 


128. Second method. — Suppose 

la + mp + n y =z 0 (147) 

to be the equation of the tangent. 

Since it passes through the points (*i,Pi,yi), (a x ^da u ft + rf'jS,, 
Ti+^yi); we have the two equations 

la x + mpi + nyi = 0, 
lda x + mdp i + ndy x = 0, 


which give, by cross multiplication, 

l m n 


ft, yi 


7i> 

<*1 

~~ 

a i> Pi 

dp i, dy x 


dyi, 

da x 


da x , 


Also, by Eider's Theorem of homogeneous functions, 


dd> \ (dd> \ 

Zh + (®> + 

and, from the equation of the conic, 

(d<p\ J , (d4>\ Ja , 





J. * 


(14«) 
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whence, as before, 


/ d(j>\ 

(d<p\ 

( 

\daj 

. Wv 

_ \dyj 


yi 


7 i» <*i 


a l> ft 

dfii, <hi 


| <hn d j 


da u d$ x 


From (148) and (149) it follows that 

l m n 

W] ~~ ~ y 

\daj \apj \dyj 

and (147) becomes 



which is the required equation. 


( 149 ) 


(150) 


129. Third method. — Taking the point (a,, ft, y^) as pole, we 
have (Art. 124) to determine r, 

*(A, „ ,y + { (g) A + (jg) ,+ (*ty}r + *(«,. ft, yi ) = 0. 

But, since the point (a lf ft, y x ) is on the curve, 

0( a l> ft; 7i) = 0 ; 

and, if the radius vector be a tangent, both values of r will = 0 at 
t\e point; we must have, therefore, 

(2) x+ (S)^ + © , ' =o ' (i5i) 

Hence, since (Art. 12. (7).) A, p, v are proportional to a— a„ 
P—Pi, y—yi> respectively, 

(Sj ( a-ai ) + ($) + (^) = °» (152) 
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or, by Euler’s Theorem of homogeneous functions, 



which is the equation of the tangent at (a l9 ft, y x ). 
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(153) 


130. To determine the direction-cosines of the tangent, wr^have 
(Art. 129. (151).) 



and the relation 


whence 


ci\ -J- V cn — 0 ; 


X fi v 


/d<f> \ ( d<f>\ 


I d<f>\ ( dcf) \ 


( dcf) \ fd<fi\ 

\dpj’ \dyj 


\dy x J \da x ) 


\da x )' \dfij 

b, c 


c y a 


a , h 


and the symmetrical equations of the tangent may be formed 
at once. 


131. To find the condition that the straight line n) should 
touch the conic ft y) = 0. 


Let (aj, ft, yO be the point of contact. We must have (Art. 
127. (145).) 



— k (suppose). 


( 154 ) 


Therefore 

Aai -j- i^ft + Ey x + ^ = 0, 

Fa x + .Z?ft -j- Dy x + mk = 0, 

Ea x -|~ .Z?ft “4" Cy x 4* nk ~ 0. 
Also lc. l -f- ? ^ft + ny i 0, 
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from the equation of the tangent. Whence, eliminating a^p^yi 
and k, we get for the required condition 


a, r t je, i 

F, By JD y m 
F, By Cy n 
ly my n, 0 


= 0; 


that is (Prelim, chap. (F) 9 ) 


'A m = 0, 

n 


(155) 


(156) 


or, <f)(l,m,ny=z 0. (157) 

Cor. Hence it appears (Art. 125) that every parabola touches the 
straight line at infinity . 


132. To find the equation of the normal to the conic <£(a, p f y) =z0 
at the point (a ly ft, y Y ). 

The equation of the tangent at the given point (Art. 127) is 



Hence the equations of the normal, which is a perpendicular to the 
tangent through the point, are (Art. 75. (88).) 


a— «i 8 — ft 



133. Hence also (Art. 76. (93).) the equation of the normal at 
(«i» ft, 7i) in the homogen )ous form is 
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COS B 
COS C 
cos A 


= 0 . 


(159) 


134. To find the equation of the polar of the point (a t , ft, y j) with 
respect to the conic (j)(a , ft y) ~ 0. 

Let (a 9 , ft, y 3 ), (a 3 , ft, y 3 ) be tbe points of contact of tangents to 
the curve through (a b ft, y^. 

The equations of the tangents at the points (a 2) ft, y 2 ), (a 3 , ft, y 3 ) 
(Art. 127) are 



and, since the point (a 1? ft, yi) lies on both tangents, we have 


and 

which shew that 


GKWSM2)— 


dcf) 

da 


( 1 ^) 


is the equa f ion of the line on which the two points of contact lie, 
and therefore represents the polar of the point (a x , ft, yi). 


135. If the polar be defined as the locus of points whose dis- 
tances from (di, ft, y t ) are harmonic means between the radii vec- 
tores drawn irom that point, in the same direction, to the curve, 
the fc' lowing method may be employed. 



72 


TRILINEAR CO-ORDINATES. 


The equation of the conic referred to the given point as pole is 

Mb *»)**+ j (2) x + (S) ^ + (S" I r + ^ 7l) = 0 ; 

and if It be the Harmonic mean between the roots of this equation, 
we shall have 



or, since It\ = a— a!, R\l — /3 — ft, = y — y x (Art. 12. (7).), 



= 0, by Euler’s Theorem. 


ft. yi) 


136. To find the pole of the straight line (l„ m lt nfi) with respect 

to the conic <f)(a , ft y) = 0. 

If («i» yi) be the co-ordinates of the pole we must have, by 
equation (160) 

/d<j)\ /V</>\ 

W = W = W = _ i ( 8U pp 0S e) : (161) 

l x m x ?i x 

that is, Aa x 4- F(3 X 4- Ey x 4- IJc = 0, 

Fa x 4- Rft x 4* Ey x 4* wi x k — ft (162) 

Ea x 4" Ffti 4- Cyi 4" = - 6 \ 

these, with the equation 

aa x 4- ^0i 4* oy x = 2$, 

completely determine the values of (a x , ft, y x ). (See Art. 137.) 

137. To find the co-ordinates of the centre of the conic <£(a, ft y) = 0. 

Let (a, ft y) be the co-ordinates of the centre ; the polar equa- 
tion of the conic, referre 1 to this point, will (Art. 13) be 
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* (x ’ m * * y + S(2) x+ (l)^ + (|) i 'j r+ ^ = °- 

(163) 

Hence, as the two values of r must be, for any direction, equal in 
magnitude but of opposite sign, we must have 



(164) 


where X, /*, v are not independent but cornected by the relation 

a\ + bfx + cvz=zQ. (165) 

Now (164) and (165) are true simultaneously for all values of 
X, fiy v : they give therefore 



a b g aa bfi + Cy 


_ i&hy), (i66) 

8 

(Prelim, chap. (A\ and Euler’s Theorem). 
Equations (166) may be written 

Aa + Fp + Ey- ^ = 0 ; 

Fa + Bp + By - b %% I = 0, (167) 

Ea + Dp + Cy - = 0 ; 

whence we get (Prelim, chap. (F).) 


a 


n 

y 

— 

ft y) 
2# 

F, F, a 


A, E, a 


A , F, a 


A, F, E 

B,D, b 

— 

F,J), b 


F, By b 

— 

F, B,B 

jD , c ; e 


E, C.,6 


FyDyC 


E, D, C 


( 168 ) 
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138. Equations (168) of the last Article may be put into the 
form 

_ _ <K a > ft y) 

a « /3 y 2$ 


«, F, E 


A, a , E 


A , F, a 


A, F ; E 

b, B,B 


F, l, D 


F, B, b 


F, B, B 

c, B, C 


E, c, C 


E,Dc 


E,B, C 


(169) 


or, if we expand the determinants in terms of their first minors 
and write A for the denominator of the last member of (169), 


0 


V _ ft- y) 

~ aF'+bB’+cJ/ aE'+bB+cC' ~ A.S 

(Prelim, chap. {A ).) ; (170) 

aa-^-bft-\-cy 2 S 


also 


A' a 2 +J3'h*-\- C (?+2D'be+ <2E'ca+2F' ab <£( 0 , b , 0 )' 

2 $ 


— 4 (Prelim, chap. (E).), 


whence 


(p(a, P,y)=i — 4 S 2 ; 


(171) 


(172) 


a relation which will be useful hereafter. 


139. A comparison of (166) with the equations (-61) of A^t. 136 
shews that in every conic the centre is the pole of the straight line at 
infinity (Art. 52). And in finding the co-ordinates of the centre 
01 the conic <£(a, ft y) = 0, the student may, if he please, start with 
this property of the centre, and, deducing the equations (167) as 
in Art. 136, proceed as in the last Article. 

Again, since (Art. 125. (142).) A* ~ 0 when the conic is a 

^arabola, it appears from (171) that the centre of a parabola lies on 
the straight line at infinity . 

140. To find the equation of the pair of tangents which may be 
drawn to the conic <£(a, ft y) = 0, through the point (a 0 , ft, y 0 ). 
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The equation 

<KK ft "V + { {-£) x + © #* + ©* j r + ¥*»- 0«> vo) = 0 

gives the length of the radius vector drawn to the curve in any 
direction from the given point. It will have equal roots, and the 
radius vector, whose equation is 


« — «o ft — ftp __ y — yo 

A ft p 

will touch the curve, provided that 


= U 


(173) 


(*J X + (#) * + (<**)’'] “ 4< ^ a °’ /3 °’ yo) ^ (1?4) 

Hence, substituting for A, fx,v from (173), we get for the equa- 
tion of the pair of tangents through (a 0 , ft 0 > yo) 


?„) (a_a<,) + © (,3_ ' 3a) + © 

= 4#(ao.0o> yo) <K a—a o,0— 0o, V - yo) 

= 4<£(a„, 00, yo) <Xft 0, y)— | (^) a » 

"* [dp) + ) y ° ) + ^ °° ’ /3 °’ yo) J : 


(175) 


which becomes, since, by Euler’s Theorem, 

lsi)- + (®.) s,+ (?.)’'• = 2 *(“" 

;© ».+ (I.) o + (?>j - (■«) 

The form of (176) shews (Art. 170. ((7).) that its locus is a curve 
of the second order having double contact with the conic <£(a, ft, y) 
= 0 a* the points whei’e it : s met by the p dar of (a 0 , ft 0 , y 0 ). 
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141. Equation (176) of the last Article may be written in the 
form 

( C’pl+B'y*-2D'p oy y+(A y*+ G , t ^2Fy^+{B t <i+A^2FaAV 
— 2 ( D ’4 + A %y 0 -F'y 0 a 0 — E'a 0 (3^fiy — B'y Q a 0 — — J Ffi {] y 0 )ya 

~2 (F'yl+ Ca^—F^yQ—ByQa^a^ = 0 . (177) 


142. To find the locus of the point of intersection of tangents to the 
conic (f)(a, /3, y) = 0 which cut each other at right angles. 

Equation (174) of Art. 140 gives a relation between the direc- 
tion-cosines of the pair of tangents which can be drawn to the 
curve through the point (a 0 , $ 0 , y 0 ) : but these, if the tangents inter- 
sect at right angles, must (Art. 33) be of the form (cos a u cos b l} 
cos tfj), (sin a lt sin b h sin c x ) ; hence we shall have 

2 

= 4</>(a 0 ,/3 0 , y(l )[vfcOS J « 1 

4- B cos \ -f C cos \ + 2D cos b x cos c l + &c. . .], 
and 

2 

= 4 $(a 0 , /3 0 , y 0 ) [A sin \ 

+ B sin \ + C sin \ -f 2D sin b x sin c x -f &c. . .] ; 


adding (Art 30. (22).), and omitting the suffixes, we get for the 
equation of the locus 



cos£=4 0 (a, j9, y) [A + B *f C-2 D cos A 
-2Ezo$B-2Fcos C\ (178) 


143. The equation of the f last Article may also be written in 
the form 




(dfi) 


sin da 4 1 sin J x + 


sm Ci 


dcp 
LWan 


cos % 4 ( IcosJj 4 ( jcos C\ 


\dvJ c 
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(B f + C' + 2D' cos A)a 2 +(C' + A' + 2 JET cos D)0 2 + ( A'+B ' 

+ 2D' cos C)y 2 — 2(D' — A' cos A coy B^B' cos C)(3y — 2(DT 

—D'cosD+D'cos C-\-F r cos A)ya — 2(j?' v — C' cos C+F'cosA 
+D'cosD)a/3 = 0. , (179) 

This, therefore, is the equation of the director of the conic 
</>(a, ft y) — 0, and will bo found to satisfy the condition for 
a circle. (See Art. 149.) 

144. To find the equation of the asymptotes of the conic <£(a,fty)zr 0. 

The asymptotes being a pair of tangents which have the line 
at infinity for their chord of contact, their equation must be of 
the form 

<K«>& y)^Kaa + bp + cy) ti 

= 4 kS 2 . 

Since they pass through the centre of the curve, we have, 

$(<*, ft y) = ; 

and consequently their equation is 

ft y) ~ </>(a, ft y). (180) 

This equation may be written in the homogeneous form 

4S 2 <K«, ft y) = </>(«, ft y) (fla + »j3 + 0y) 2 ; (181) 

or, again (Art. 138. (172).), 

"A* <#>(«> ft y) + A (on + + tfy) 2 = 0. (182) 

c 

145. Equation (180) of the last Article may of course be ob- 
tained directly from the polar equation of the conic. For, as in ; 
Art. 125, we have the directions of the asymptotes given by the 
equation 

<£fX,/x, v) = 0; < 
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hence their equation is 

— p — /3, y—y) — 0, 
or 

^ (a ’ ^ y) - } (S) a + (2) ^ + (f ) y I + ^ ~*~ y) = °- 

(183) 

But, since (a, |3, y) is the centre, we have (Art. 137. (164).) 



= 0, 


g) <.-.)+(!) (s -« + (g) 


Up. 


that is, 




da 


dp 


da 


\dpJ 


dy i 


and (183) becomes, 


= 2 </>(a, p, y), by Euler's Theorem ; 


<j)(a, P, y) = <£(a, p , y). 


146. To find the condition that the equation (f>(a, p,y) = 0 may 
represent a pair of right lines . 

Let (a, /3, y) be the point of intersection of the twa lines. This 
puint being the centre of the conic, and therefore the pole of the 
line at infinity, we have, as in Art. 136. (161), 

'da ' 'dP' t 'dy ' <£(a, /3, y) 

a b ~~ c ~ 

But, in this case, the centre lies on the conic ; so that 

i <K«> P> y) — 


( 184 ) 
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and we must have simultaneously 


-•(f) 


that is to say, 

Aa + Ffi + Fy — 0, 
Fa -J- j^/3 + Dy = 0, 
Fa -f* F(3 -j" Cy zzz 0 5 

and the condition that these should co-exist is 

I A, F y F\ 


or, (Prelim, chap. (F),) 


F, B,F = 0, 
F,F, C 

A = 0. 


147. The condition of the last Article may be otherwise ob- 
tained, as follows. If <j>(a, (3, y) = 0 represents a pair of right 
Hues, <£(a, j3,y) must be the product of two linear factors u and v 
(suppose) : so that 

<t>{a , ft y)~uv — 0, 

and we shall have 


=zu [^)+ v 

fdv\ 


whence it appears that any values of a, /3, y which satisfy u = 0; 
^ = 0 simultaneously, will also make 


__ tfy\ __ n 
~ \dp) ~ l^y/ > ’ 
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and we obtain, as before, 

A = 0. 


148. To find the condition that the equation <£(<*, ft y) = 0 should 
represent a parabola . 

If the conic be a parabola, the straight line at infinity 

aa + bp + cy = 0 (189) 

is a tangent to it (Art. 131. Cor.). Let (a lt ft, y x ) be the point of 
contact. We shall have (Art. 131. (154).) 

( d A\ ( d ±\ ( d A\ 

\da\) \dpj \dyj , , . 

— ■— = —r 1 = — r — -l (say), 
a b c 

whence Aa x F$ x + Ey x + ale = 0, 

Fa x + j?ft + By, + U = 0, 

Ea x -f- ,Z)ft -f- Cyi -f* clc = 0, 
also by (189) aa x + £ft + cy x =0: 


and eliminating a x , ft, y x between these equations we have for the 
required condition 

°A ft = 0, (190) 

which (Prelim, chap. (E).) may also be written in the form 

<f>(a t b,cy = 0. • (191) 


149. To find the conditions that the equation <£(~, p y) = 0 
may represent a circle . 

The polar equation of the conic, referred to the centre, since the 
co-efficient of r vanishes, gives 

<£(A, p, v)r* = — <p(a, ft y) 

= a constant.. 


( 192 ) 
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Hence, if p a , p ^ p y be the lengths of the semi-diameters respec- 
tively parallel to the three sides of thf* triangle of reference, we 
shall have 


<£(0, — sin C, s\nB )p 2 a — <j>{sinC, 0, —sinA)p 2 = <£( — sinB,sinA,0)p 2 y . 

(193) 


But, in the case of the circle, 

Pa = P/3 = Py : 

hence we have for the required condition^, 

</>( 0, —sin (7, sinZ?) = <£(sin C f 0,— sin A) = — sin A, 0). 

(194) 


Or, if we write them at full length, 

Bsin 2 C-\- (7sin 2 J?— 2Dsin_Z?$inC' = (7sin 2 ^4+^sin 2 (7— 2EsinCsinA 
— Asin 2 B-\-Bsin 2 A — 2FsinAsinB. (195) 


150. To find the condition that the equation </>(a, y) = 0 should 
represent a rectangular hyperbola. 

The directions of the asymptotes (Art. 125) are given by the 
equation 

<£(X, fi, V ) = 0. 

But if these are mutually perpendicular, the two sets of values 
for \,p,v, given by this equation, will be (Art. 33) of the form 
(cos a u cos b x , cos c x ) and (sin a L , sin b u sin ^). 

Hence $(cos a u cos b u cos Ci) =. 0, 

<j>( sin a lf sin h l9 sin ^) = 0 ; 

adding and remembering the relations (22) of Art. 30, we get, as 
in Art. 72, 

A + B+ C-2B cos A-2Fcos B-2Fcos C = 0 (196) 

for the required condition. 


G 
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151. To find the conditions that two conics whose equations are 
<p(a, y) = /(«> ft y) = 0, be similar and similarly 

situated. 

Let p ay pp, p y and r a% r ^ r y be the central radii vectores of the 
two conics, drawn parallel to the sb’es of the triangle of reference : 
we have, as in (193) Art. 149, 

0(0, — sin6( sin B)p\ = 0(sin C, 0, — sin A)p^ = 0(— simftsin^ftO)/} 2 ; 

/( 0, — sin C, sin B)r 2 a == /(s : n C, 0, — sinJ)^ = /( — sin B, sin^l, 0)r 2 . 

But, if the two conics are similar and similarly situated, we must 
have 



hence the required condition is 

0(0, —sin C . , sin B) 0(sin C\ 0, — sin A) __ 0(— sin 7?, sinvl, 0) # 
/{0, — sin 6’, sin if) “ /(sin C f , 0, — sin A) ~~ - sin A', sin A, 0) 

(197) 

in other words, the quantities 

B sin 2 C + 6' sin 2 B — 2D sin B sin C, 

(7 sin L-l + ^1 sin 2 C — 2D sin C sin ^1, 
and .1 sin 2 D + B sin 2 A — 2 F sin sin B, 


must be to each other in a constant ratio. 


152. To find the direction of the axis of the parabola whose 
equation is 0(a,fty) = 0. 

The equation 1 

(A^+<V-2^)\ 2 +2^ 

(Art. 125. (140).) gives the value of the ratio X: p for the direc- 
tions of the asymptotes. '• 
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If </>(a, ft y) — 0 be a parabola, the asymptotes will be co-incident 
and in the direction of the principal, diameter, and the above 
equation will give 

X /X V 

{Cb 2 -]-ljc 2 —2])bc} C(C—2jEca\ ~~ {)ja 2 -\-Ab 2 —2Faby 

, ( 198 ; 

the last member following by symmetry. 

These equations, therefore, determine the direction of the axis of 
the parabola. 

153. To find the equation of the circle , of radius p, uhose 
centre is at the point (a, ft y). 

Let (a, ft y) be any point on the curve ; then, since its dis- 
tance from the centre (a, ft y) is constant and = p, we have 
(Art. 45. (48).) 

«(0— 0) (y— y)+Ky~ y) («-«)+ c ( a — «) (/3 — 0) + fijr = 0 : 

( 199 ) 

which is the required equation. 


154. 7b find the radius of the circle whose equation is <£(a,fty) = 0. 

The length of the central radius vector of a conic, in any direc- 
tion (X, p, v) is given (102), (172), by the equation 

</>(X, /i, v)r = — </)(a, ft y} 

= 4S 2 A. (POO) 

"A V ' 


If therefore r,. be the lengths of any two radii (cos rq, cos 

cos Ci), (sin rq, sin sin c^), which are at right angles to each other, 

we shall have 


(j )( cos a u cos h u cos r L ) 


4^ A _1_ 
a d ' r\ 

c 


<t >( sin a u sin b u sin cj — 


4iS 2 A 

* A 4 


1 . 

o' > 
^2 


and 
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whence, adding, we get 

A+B+C— 2D cos A — 2EcosB—2Fcos C= F“t + “ 2 ]’ 

Z\ L?'i T 2-1 

c 

( 201 ) 

a relation which holds for any pair of rectangular central radii of 
a coirc. 

But, in the case of a circle, 

r x =- r 2 = p (suppose). 

Hence the radius of the circle <£(a, j3, y) — 0 is given by the 
equation 

1 a A h 

— = \_A-\-B-\- C— 2 1) cos A — 2 E cos B— 2 F cos C]. 

( 202 ) 

155. From equation (201) the condition for a rectangular hyper- 
bola (Art. 150. (196).) may be easily deduced. Making r\ — — r\ 
(since one pair of the principal semi-axes is imaginary), we get 

A ’j- B + C — 2 B cos A — 2i?cos B — 2.Fcos C= 0. (203) 

156. To find the area of the circle whose equation is /3, y) = 0. 
Using the value of the radius given in (202), we have ; — 

Area of 0 = np 2 

= [A + B+C- 2DcosA - 2EcosB -2FcosC]-\ 

(204) 

157. To find the equation of the diameter which bisects all chords 

whose direction cosines are X, p, v. 

If (a 0 , /3 0 , y Q ) be any point, its distance from the curve in any 
direction is determined by the quadratic 

4>(x, * v) r 2 + ( (§)«, + (f), + (^)r» } r + <#>(°o, A» >) = 0. 



EXPRESSION FOR THE RADIUS OF A GIVEN CIRCLl/. 85 


If therefore (a 0 , j8<>, y 0 ) be the middle point of a chord of the given 
system, we must have 

(3m£M2)»=* 

Hence (a 0 , /3 0 > yo) lies on the right line whose equation is 

(£)•+(£>+ (2)*— < 2 » 5 > 

this therefore is the equation ol the diameter or locus of middle 
points. 


Cor. I. Hence 


(2)-+®»+(2)r* 

is the equation of the diameter which is conjugate to 


_ — y~y _ r 


(206) 


( 20 ?) 


Cor. II. Its direction-cosines being formed as in Art. 40, we 
may write the equation of the diameter which is conjugate to 


a — a _ /3— /3 _ y — y 


= r. 


(208) 


in the symmetrical form 




— y ~ y 


b. c 


c, 

a 


0, 5 

f d<f>\ f d(p\ 

\dfxj \dv 1 


( 

l 'd<p\ 

ViX/ 


/ / <70 \ 

\d\ ) \djj> J 


* (209) 


Cor. III. Again, it follows from Art. 157, that two straight 
lines, whose equations are of the form 


la + mfi + ny = 


( 21 ^) 
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I k C (!Q\ i c > a ( i a 'y b ((fy 

an( ^ I n \da / ' n, l \dfi / /, w Wy 

are parallel to conjugate diameters. 


■ 0 , ( 211 ) 


158. To find the condition that the straight lines (X b p. l% vj), 
(A 2 , n 2 , v 2 ) may he parallel to conjugate diameters ofi the conic 

$(«> A 7) = 

It was shewn in thv. last Article that the straight line 




/d(p\ 

d\J a 

+ UJ /3+ 

\dj y 

If Ml* *1, 

). Hence we 

have 

/<* 

m 2 

9 ? 2 


~ ( d <t>\~ 

tdchV 

Uv 

\dj 

\dvj 


and the relation 


becomes 


(Art. 29,) 


/ 2 X 2 “H m»fi 2 *-}” Hay* — 0 (Art. 31. (26).) 


d( t>\ , ! d <t> 


aJ A 2+ U/J^ + U"J’' 2-0, 


which is the required condition, and may be written 

AX 1 X 2 -^-7?/X 1 /Z 2 + Cv x V 2 ^ p 2 V x )-\- ^iX 2 + ^l)“l" X 2 /Xj) = 0. 

(213) 

159. To find the condition that the straight lines dj)(l 2} m 2 nj) 
n ay he parallel to conjugate diameters of the conic <£(a,/3,y) = 0. 

- .Let (\i,pi,Vi) be the direction-cosines of (l u m l} nj): then, if 
(l 2 ,m 2 ,nj) be conjugate to it, its equation (Art. 157. (205).) must be 

/df\„ , fd$\ 


;)■•*(£)'+ (?>=»• 
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We must have, therefore, 


(<ty\ 

/d<p \ 

w 

__ \dnJ __ \dv x / 


: (suppose). 


Hence, A\ x 4- Ffi x + Ev x + IJc = 0, 

F\ x 4* Ffi\ + Dv i 4" ni 2 Jc = 0, 

E\\ 4" A)fi i 4~ Fv\ 4“ tiJc — '0 i 

we also have ? l X l 4- 4- n x v x = 0, (Art. 31. (26).). 

And, eliminating X x , /z t , v x and Jc between these equations, we get 
for the required condition 


A , , F } E, I 2 
F \ E, D, m 2 
E, D, (7, % 

/i, wq, «i, 0 


(214) 


If this determinant be expanded it will be found to be 
A' l x l 2 + Efm x m 2 4- C’n x n 2 4- 1)’ {m x n 2 4- m 2 n^) 4- E' (n x l 4- ^i) + F'(l x w 2 4- 7^) = 0 

(215 


160. To find the equation of the principal axes of the 
conic <j)(a, y) = 0. 

The principal axes may be regarded as the locus of points whose 
polars are perpendicular to the lines joining those points to the 
centre. 

Let (a„ fs x ,y x ) be a point on the axes. The polar of (a^ft, y,) 
has for its equation (Art. 134) 



and the equation of the right line joining^, ft, yO to the centre is 
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P»yi , 

a + 

ft 7 


7n a i 
7, a 


P + 


«i>ft 

a, 0 



and the condition that these should be perpendicular is (Art. 
71. (85).) 



whence, suppressing the suffixes and using the determinant form, 
we have for the equation of the locus 



161. The equation of the axes may be obtained directly in the 
form of a determinant, as follows. 

Let (7, m , n) be an axis and let (a x , ft, y x ) be a point on it ; then, 
since the centre (a, ft y) also lies upon it, we have 

l ai -f wft -f- ny l = 0, (218) 

rud la -f + ny = 0. (2*9) 

If ( l , m ) n) be perpendicular to the polar of (c^, ft, yi), whose 
equation is 
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we must have (Arts. 69. 42) 

-(gM + " =fl; 


( 220 ) 

and, eliminating l, m, n between (218), (219), and (220), and sup- 
pressing the suffixes, we get for the equation of the locus 






„ (W 

1 cosi? 


a, 


U”J- 

W/S> 

/ C0S C ~\d^ 


ft 



fdf 

\dy / 

) C0S ^-(2, 

cos C 

= 0. (221) 

y* 

r> 

Vrfy / 1 

\da) 

ic ° s2? -(S, 

j cos A 



162. To find the lengths of the semi-axes of the conic <£(a, j3,y) = 0. 

The length of the central radius, in any direction (X, /x, v)> is 
given (Art. 149. (192).) by the equation 


<K a « & y) 

r 2 

or, since (Art. 138. (172).) 


<£(\, [X, v ) — 0 , 

4$ 2 A 

<X a > Ay)= 


by ^ = <K X > v ) ; ( 222 ) 

c 

and we have to make p a maximum or minimum ; X, /*, i> being 
connected by the relations (Art. 37), 

4$ 3 

^ cos ^4X 2 -f- 3 cos Z?/x 2 + £ cos 6V 2 = 

#X -j- ftp 4~ Qv == 0. 


(223) 

(224^ 
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Let then 

TJzzl (A\* + Jlf + CS+ZJDtiv + 2 Ev\ + 2FX/x)-P(^cos A\ 2 
+ b cos Pju 2 + c cos Ci?) -f 2 Q(a\ + V + ^)> 

where P and Q are indeterminate multipliers ; differentiating we 
have 

^_Z)F= 0 = {(A— Pa cos A)\+Ffi+Ev-\- a Q}d\-\-{(B—Pb cos It) n 
Pv-\- F\-\-b Q^dfi-x~ {( C — P^cos C^v-\- E\-]^ J)fi-\-cQ}dv j 

and therefore, simultaneously, 

(jL — P a cos^t)X -j- F\i Ev a Q — 0, 

F\+(B-Pb cosP),x + Pi/+ ^<3 = 0, (225) 

J^ + P M +(P-P(?cosP>+ cQ = 0. 

Multiplying the equations (225) hy X, p, v respectively and adding, 
we get, by means of (223) and (224), 

4 P# 2 

~^ = <KW). (226) 

Hence, by (222), P = ^ (227) 

c 

and, substituting this value for P and eliminating X, ft, v and Q 


from (225) and (224), we 

get 



A— a cos A, 

P, 

E, 

0 

F, B— — 

"A 

bcosB, 

r 

D, 

5 

E, 

c — ^ 

c 

ah 

• “ ^ cos P, 
r ’ 

e 

a, 

b, 


0 


( 228 ) 
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a quadratic in ^ which gives the lengths of the principal semi- 
diameters. 

163. To find the area of the conic </>(a, 0, y) = 0. 

Mr. Ferrers has deduced the area of the conic from the equation 
(228) of the last Article. If we expand the determinant, and, for 
convenience, write ( A ), (Z?), ( C ), 0 for its diagonal elements, this 
quadratic becomes 



(A> A b 


F, F, a 


F, F, a 


F, E, a 

00 

A (CO, « 

— F 

A (C), e 

+ F 

(B), A a 

— a 

(B), A a 


b, c, 0 


b, c, 0 


b, c, 0 


A (C), e 


{A){-{B)r^21)bc-{C)F}-F{-Fc^Bca^Ebc-{C)ab^ 

+ E{ -Fbc+ (B)ca+EP-I)ab} -a{FEc-(C)Fb 

+ (B)(C)a-(B)Ec+DEl-l?a} = 0; 

or, if we collect only the constant terms and those which involve 

-i-, and make the necessarv reductions, 
r 

— (A'a 2 -\- C' c 2 -{-2iy bc-\-2E' ca+2F' ab) + etc. . . . 
(&abc\ 2 16 S 2 

= 0; 

that is (Prelim, chap. ( E ).), 

"A' + etc. • • • - y - 0. (229) 


Hence if 


,, 1 i 


2 , - 2 be the roots of this quadratic, we have 
Pi P2 

Area of the conic = irpip* 

‘dnaabc S A 


foam 



92 


CHAPTER VII. 

INTERPRETATION OF PARTICULAR FORMS OF THE EQUATION 
OF THE SECOND DEGREE. 

164. The present ch°pter will be devoted to the consideration 
of particular forms of the trilinear equation of the second order. 
We commence with those which occur in the subjoined list : 

Si — £$2 = 0, (A) 

S x — letu = 0, (B) 

Si- leu* = 0, (C) 

Si - leu = 0, (B) 

s> - v = o, (E) 

vw — Ictu =0, ( F ) 

vw — leu 3 =0, ( G ) 

vw — leu = 0, (H) 

vw — k 2 = 0. (/) 

P* Hiese, le is any constant and S x = 0, S 2 = 0 represent any 
two conics; 1 = 0, u = 0, v = 0, w=0 are the abridged forms of 
the homogeneous equations of four straight lines {l x , m x , n x ), 
(l 2 ,m 2 > n 2 )i .... in which the co-efficients may " ' r e any possible 
values. 


165. Of the above forms, which will be examined in order, the 
second, third, fourth and fifth are successively deri T al^e from the 
first, and the remainder from these, in a manner which will be 
understood as we proceed. 
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(A). S Y - 7cS 2 = 0 

is evidently satisfied by any values of a, /3, y which satisfy Sj = 0 
and S 2 = 0 simultaneously. It therefore 
represents a conic (or, if h varies, a system 
of conics) passing through the four points • $, 
of intersection, whether real, coincident, or 
imaginary, of S l and S 2 . Such a curve is 
indicated by the dotted line in the figure. 

166. If the conditions of the last Chapter 
(Art. 125) be applied to this equation, it 
will appear that it represents a hyperbola, an ellipse, or a parabola, 
according as 

A x — 7cA 2t F Y — 7cF 2l E x — 1cE 2 , a 

F i - 7cF 2 , B l - 7cB 2) I), - 7cl) 2t b 

F x — JcEo, l) x — 7cB 2y C x — 7c C 2 , c 

a , b , c , 0 

is positive, zero , or negative . Its locus will be a pair of right lines 

(Art. 146) if 

A i — 7s A 2f F x — 7c F 2 , E x — 7cF 2 

F x - 7cF 2 , B x - 7cB 2 , 1\ - 7cD 2 = 0. (231) 

F x - 7cE 2) D y - 7cD 2 , Cl —7cC 2 

In like manner the condition for a circular locus (Ail: 149) is 
easily applied. 

167. The cubic (231), when the determinant is expanded 
(Prelim, chap. (Z*)0 becomes 

(A X B i Cl) - - { (A 2 B, Cl) + (^f A CO f -4 A Ci) }i+ { (A X B 2 C 2 ) 

+ (A 2 B l C 2 )+(A 2 B 2 C l )}F-(A 2 B 2 C 2 )F = 0. (232) 1 

a It is assume! that 

= A x a 2 + I?^ 2 4- C^y 3 + 2D x fly + 2E x ya + 2F x a3 — 0, 
and + B a /3 2 + C 2 y 2 + 2D a j8y’ + 2D a y a + 2D a a/3 = 0. 


Fig. 20. 
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Let h u h 2i be the roots of this equation ; then it is manifest 
that 

S 1 - h,S 2 = 0 , 

Si - LS 2 = 0, (233) 

^* 3^2 = 9 , 

are the equations of the three pairs of chords of intersection of 
the conics Si = 0, S« — 0, and, therefore, of the whole system 
represented by the equation 

Si - hS 2 ~ 0 . 

168. Now all this will be true if either S } or S 2 , or both, be 
resolvable into linear factors ; that is to say, if one or both of the 
conics degenerate into a pair of light lines. Should a factor be of 
the form aa + b(3 + cy, or, which is the same thing (Art. 3. (1).), 
a constant quantity, one of the right lines will be at an infinite 
distance (Art. 52). If the factors be identical, the pair of lines 
will be coincident. 

169. First suppose the conic S 2 to consist of two right lines 

(/j, m u w,), (Z 2 , n 2 ), whose equations in their abridged forms are 

t — 0, u = 0 ; the above equation becomes 

{]]). Si — htu = 0, 

which, therefore, represents a system 
of con^ passing through the four 
points of intersection of these two right 
lines with the conic (fig. 21). In 
this case t and u are two of the common 
chords ; one root, therefore, of the 
cubic (232) will be infinite, and, as we 
should expect (Art. 146), (A 2 B 2 C 2 )=0. 

170. Next let the two right lines, of 
which $ 2 is composed, coincide Making 
i zz u, we have 
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( C ) . S l -ku*=0, 

whose locus is, therefore, a system of conics 
passing the two pairs of coincident points 
in which u meets the conic and, there- 
fore, having double contact with S x at the 
extremities of the chord u = 0 (fig. 22). 

171. It is obvious, from an inspection 
of the figure, that two out of the three pairs of chords common 
to S i9 S 2 (Art. 167. (233).) have now eorre into coincidence with 
the chord of contact u, and the remaining pair become tangents at 
its extremities. The cubic (232) will have two infinite roots, and 
therefore both (A 2 B 2 C 2 ) = 0 and (A l B 2 C 2 ) + {A 2 B X C 2 ) + (A 2 B 2 C\) 
= 0 : the latter being true independently of the values of A X ,B X , C u 
etc. . . ., we must have the first minors of the determinant (A 2 B 2 C 2 ) 
all = 0 ; that is BX.-Bl = 0, C 2 A 2 -E: 2 = 0, AJB-Fl = 0, 
EF\— AJ) 2 — 0, etc. . . . (whereof the three latter relations are 
involved in the three former), or 1)1 = BA E\ — C 2 A 2 , Fl~ A 2 B 2 , 
conditions which aio evidently satisfied when S 2 is the square of 
a linear expression. 

(D) . S x — hi ~ 0 

is of a form such as we should derive from ( B ) if we were to 

Pig 23. 

u, 


Fig. 22. 
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replace ^ by a constant quantity. Its locus, therefore, (fig. 23) 
is a system of conics which meet S x where it is cut by u and the 
line at infinity. : This system will be similar and similarly situated 
with respect to S u and the asymptotes of the conics of the system, 
whether real or imaginary, will be parallel. 

If the curves be parabolas, since the two points at infinity in 
this case coincide, they will have contact with each other at 
infinity. 

172. The equation 

(E). S\ — ~ 0 , 

again, is obviously a particular case of ((7), from which it is de- 
rivable by the substitution of a constant for u . Hence it denotes 
a conic (or system of conics) having double contact with S lt where 
that curve is met by the straight line at infinity. This system of 
conics will not only pass through two common points at infinity, 
but will have common tangents at those points. All the curves of 
the system, therefore, have the same asymptotes, and arc not only 


Fig. 24. 



similar and similarly situated, but likewise concentric (fig. 24). 
Tf the curves be parabolas, they will be equal and have with each 
other a contact of the third order at infinity. 

173. Now let us suppose the conic S 1 also to degenerate into 
a pair of straight lines ; (i>) will become of the form 
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(A 7 ). rw — ktu = 0, 

which therefore represents a system of 
conics circumscribing the quadrilateral 
of which t = 0 , u = 0 , and ?: = 0, = 0, 

are the pairs of opposite sides. The truth 
of this, however, may be seen without 
reference to the preceding equations, since 
( F ) is evidently satisfied by any one of 
the suppositions, 

v = 0, and t — 0 ; 
v = 0, and « = 0 ; 

*0 = 0, and t = 0 ; 
or, w = 0, and w = 0. 

174. Similarly, fum a comparison of the next equation with 
(6 r ), it appears that 

Fig. 20. 

((?). vw — ku 2 ■=■ 0 

represents a system of conics which 
have contact at two fixed points ; u = 0 
(fig. 2G) being their chord of contact, 
and v = 0, w = 0 the tangents at its 
extremities. 

175. Again, by a reference to Art. 171. (D), it will be seen that 

(J7). — hi = 0 

has for its locu. a system of conics having that portion of w which 
is intercepted between v and w for a common chord, and passing 

H 



Fig. 25. 
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through the two fixed points at infinity in which the line at 
infinity is met by v = 0, w = 0. These conics are therefore similar 

Fig. 27. 



and similarly situated hyperbolas having their asymptotes parallel 
to v = 0, w == 0 (fig. 27). 


176. The locus of 

(S). vie — k 2 — 0 

is a system of concentric, similar, and similarly situated hyper- 


Fig. 28. 



bolas, having v = 0, w = 0 for their common asymptotes and the 
intersection of those lines for a common centre, (fig. 28). 

177. It is obvious that in the four last cases v = 0, w = 0, taken 
together, form one of the family c* cui yes, just a 61 & l -= 0 did in 
the preceding instances. 
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178. The meaning of the equations 

(^T)» + kaft ~ 0, ' 

(Z)* Si “h ka 2 = 0, 1 

(M). S\ -J- Jca — 0, 

follows at once from the interpretation just given of equations 
(B), ( C), and ( 1 )) ; the two sides, a = 0, = 0, of the fundamental 

triangle taking the place of the two straight lines t = 0 and u = 0, 
or lid + + n \y = 0 and / 2 a + m 2 [3 n 2 y = 0. 


179. We now proceed to consider some of the more special 
forms of the equation <£(a, /3, y) = 0 which we employed in the 
last chapter, and to indicate the nature of their loci and the rela- 
tion in which they stand to the triangle of reference. A nufhber 
of typical forms are collected here for the sake of reference, and 
will be discussed in the order in which they occur. 

Z/3y + T/ya -f iVa/3 = 0, (JSf) 

ZV+MV+N y + 2MNp y + 2NL\a ± 2 ZJZa/3 = 0, (O) 

ZV + M 2 p 2 + A T V = 0, (P) 

z 2 a 2 - M 2 p 2 - ]\ry = 0, (Q) 

fty — ka 2 = 0, (P) 

Py — X*a =0, ($) 

Py — k~ = 0, (Z) 

/3 2 -£a=0. (Z7)’ 

180. The first equation 

(AT). Z/3y + -d/ya + W/3 = 0, 

, > 
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is satisfied by any one of the three following suppositions, 

{ = 0 and y = 0 ; 

y = 0 and a — 0 ; 
or, a = 0 and /3 — 0. 

The conic , therefore , represent s passes through the three 

angular points of the triangle of reference. 


181. The equation may be written in the form 
Lfiy {My -}- JSTfi)a — 0 7 


hence (Art. 173. {F).) a = 0, /3 = 0, y = 0, and My + iV/3 = 0, are 
the four sides of an inscribed quadrilateral ; and, therefore, since 
ft — 0, y — 0 intersect on the conic (Art. 180) the fourth side is 
evidently a tangent to the curve at A. 

Hence 


M 



W +z=°> 


' (234) 


T + 57 - °’ 


are the equations of the tangents to the circumscribing conic at A, Jf 
C respectivelg. These tangents evidently meet the sides of the triangle 
which re* i . cticely subtend their points of contact in points which lie 
on the same right line 


T + l + y = 0 ' < 235 > 

For this right line, since the equa- 
tion may be written in the form 

0, must pass through 

the point of intersection cf the tan- 


Fig. 29. 

A 
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gent at A with the side BC ; and similarly for the other two 
tangents. , 


182. If A'B'C be the triangle formed by the three tangents at 
the angular points of the triangle of reference, the equations of 
AA', BB, CC are easily shewn to be respectively 

A _ A = o 

M N ’ 


1 _ = o, 


A _ A = o : 

L M 

and since these equations when added together vanish identically 
we conclude (Art. 17) that A^L' } BB', CC' meet in a point. 


183. If (a,„ /3 0 , y 0 ) be the co-ordinates of this point of intersec- 
tion, we shall have 

a ° ^ . /nr>7\ 

L - M~~ JST - aL+ bM + cN K i} 


184. From the form of equations (234) and (236) it appears 
(Art. 95) that eng side of the triangle A’B'C', and the straight line 
which joins its point of contact to the opposite vertex , c r e harmonic 
conjugates with respect to the two sides of the triangle of i^f°rence 
which meet m that point of contact. 

185. With regard to the nature of the curve whose equation we 
are considering it is to be observed, that, since in this case 

<£(a, (3, y) ~ Oa 2 -j- 0/3 2 6y 2 2Z/3y -j- 2il/ya -j- 2 JVa(3 ~ 0, 

and, consequently, 

<p(a, b f c) f = -Z 2 a 2 -if 2 /3 2 - JSry + 'zMMc + 2 NLca + 2 LMab, 
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the locus of (IV) will he (Art. 125) a hyperbola, a parabola , or an 
ellipse, according (is 

ZV + MW + NV- 2MNbc - 2NLca - 2LMab 
is positive, zero, or negative. 

186. 

( 0). ZV + M 2 fi 2 + My ± 2 MNfiy + 2 NLya + 2ZJ/a|3 = 0. 

The various possible combinations of signs in this equation give 
us eight distinct forms ; four of these, viz., 

ZV + Mfi- + Ny + 2 MNfiy + 2 NLya + 2 LMafi = 0, ( Of 

XV + Mfi 2 + N 2 y 2 + 2MNfiy - 2 NLya - 2 LMafi = 0, ( Of 

ZV + My + Ny- - 2MNfiy + 2NZya - 2LMafi = 0, (0 3 ) 

ZV + + A r y 2 - 2MNfiy - 2 NLya -f 2LMa[i = 0, (0 4 ) 

be written 

(. La + Mfi + Nyf = 0. 

{-La + M/3 + Nyf = 0, 

{La -Mfi + Nyf = 0, 
and {La Mfi — Ny) 2 = 0, 

respectively, and therefore represent pairs of coincident right lines. 

The remaining four, viz., 

L 2 a 2 -{-M t fi 2 +N"y—23LNfiy—2NL/a—2LMaP =. 0, ( Of 
LW+M 2 a 2 +Ny-2MNfi y -\-2NLya+2LMafi = 0, {Of 
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IA^+jr^ 2 +Ny+23IN t 3y-2NLya+2Z]fra^ = 0, ( Of) 

XV+ 3I 2 /3 2 + iV r2 y 2 + 2 MNfry+ 2 NLya - 2LJfa0 =r, 0, ( fl 8 ) 

may also be respectively written in the forms 

(Laf 4- (1®)* 4- (JVy)* = 0, 

( Zci)* 4* (2®)* 4- (JVV)* =0, 

(£»)* + (-2®)*+ (JVy)* =0, 

(Za)* 4- (2®)* 4- (— iVy)* = 0, 


represent, respectively , a conic which is inscribed in the triangle 
of reference, and three other conics which touch one side and the other 
two sides produced . 


187. For the first equation of the last four, viz., 

(Of). Z V 4- 2/®* 4- iVy - 23fN(3y - 2 NLya - 2 LMap = 0, 
or, ( La)i 4- (2®)* 4- (2Ty)* = 0, 

may be written in the form 

(2®— JVy) 2 4- Za(Za — 22® — 22Vy) = 0 ; 
hence (Art. 174. (<9).), a = 0 and 

La — 2 — 2 iVy = 0 

are tangents to the conic, and 

2® — Ny = 0 

is their chord of contact. Also, si^ee this chord of contact evi- 
dently passes through the vertex A (Art. 16), it appears that, if the 
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points of contact A B', C', of FlgC| 

the inscribed conic be joined to the 
opposite vertices of the triangle of \ A 

reference , the equations of the 
joining hues AA\ BB\ CC' will 
be 

11(3 — Ny = 0, 

Ny-La =- 0, (238) 

La — 11(3 ~ 0 ; 

they therefore meet in a point 
(«n, 0O> 7o)> that 

2S 

La„- = Ny 0 = — ~J C ‘ (239) 

z + j/ + iV 

188. Also the tangents at A ", A", 67", where the chords meet the 
conic again have for their equations , respectively , 

Za - 2 JZ/3 - 2A r y = 0, 

1/(3 - 2 Ay - 2Za = 0, (240) 

Ay — 2Za — 2J//3 = 0. 

From the form of these equations it appears that 

M(3 + Ay = 0, 

Ay + La ~ 0, (24 i) 

Za -j- A//3 zzz 0, 

are the equations of the straight lines whidi join the vertices of the 
triangle of reference to A"', B"'. C"' y the points in ivhich the opposite 
sides are met by the tangents (240). 
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189. Also, the points A" , //", C" lie i\i the same straight line 

La + M(3 + Ny=z 0; ' (242) 

for the straight line represented by this equation manifestly passes 
through the intersections of (241) with a = 0, /3 = 0, y~0, 
respectively. 

190. It will be observed moreover that AJ f , A A'" are harmonic 
conjugates icith respect to A 7/ A ( ' (Art. 95); and that B and C 
are the centres of similar harmonic pencils. 


191. Again, since the equation ( Oj) may be thrown into the 
form 

( — La 4* 4//3 4* -Ay) 2 — 4JLB(3y — 0, 

we see (Art. 174. ((?).) that the equation of B C\ which is the 
polar of A , is 

— La 4“ A//3 4“ By ~ 0 ; 

similarly, La — J//3 4- By = 0, (243) 

and La Jffi — By — 0, 

are the equations of C/A', A B' , respectively : and from the form 
of their equations we conclude that these polars, the sides of the 
triangle A B O ' , pass through the points A", B", C respectively . 

192. And further, since the first equations of (241) and (243) 
may be writien in the form 

-La 4- (La - 2 Mp - 2 Ay) = 0 

and - La - (La - 2 Mp - 2Ny) = 0 

respectively, it follows (Art. 95) that {A" . AC', A" A'} is a har- 
monic pencil. In like manner, B n , O'" are respectively the 
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centres of the harmonic pencils {IT' . BA, B'B'} and { C ' n . (77/, 
193. When 


ft y)-LW+3Ptf+N^-2Mm y --2NLya--2LMal$ = 0, 

<£(*, J, c)'=0^+05 2 +0^ 2 +4LWMc+4ZJ/W^+4LJ/iV^J ; 

therefore (Art. 125) the inscribed conic represented by the equation 
( O b ) will be an ellipse , ^ parabola , or hyperbola , according as 


or 


Zfo + Jib# + NoS 


^ + + o 


«.9 positive, zero, or negative . 

The equations of the escribed conics (0 6 ), (ft), (ft) (Art. 186) 
may be discussed in a similar manner. 


194. 

(P). zv + Af 2 /3 2 + ivy = o. 

This equation, since the terms are all essentially positive, can be 
satisfied by no real and possible values of the variables, and there- 
fore represents only an imaginary locus. 

If, however, two of the terms only have like signs, the equation 
is of the form 


(Q). ZV - 3/ 2 ft - ivy = 0 ; 

and the conic which it represents stands in an important relation 
to the triangle of reference. This equation we shall now discuss, 
and whenever hereafter, for the sake of symmetry the equation 
(P) is employed, it must be understood that one of the three 
quantities Z, M, N is to be regarded as imaginary. 
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195. The equation ( Q) may be written in either of the forms 

{La + M0) { La - Mp) - Vy = 0, 

{La + Ny) {La - Ny) - = 0, 

and therefore (Art. 174. (6r).) represents Fig. 31. 

a conic which is so situated that 
C A ()3 = 0) is the chord of contact of 

ivy - xv = o, 

the pair of tangents through X, and 
AB{y = 0) that of 

XV - MH 3 2 = 0, 

the pair through C (fig. 31). 

In other words, B and 0 are the poles of CA and AB respec- 
tively, and, consequently, A is the pole of BC. So that the 

equation {Q) represents a conic with respect to which the triangle of 
reference is self- conjugate, 

196. Writing the equation in the form 

xv - {iP(3~ + Ny) = o, 

we see (Art. 174. (6r).) that, although A is the pole of the opposite 
sides, the pair ot tangents through A are imaginary. 

197. It will be observed that the pair of tangents through any 
vertex of the conjugate triangle form a harmonic pencil with the sides 
which meet in Biat vertex. 

Fig. 31, which shews the position of the conic ( Q) with regard 
to the triangle of reference, will, if the letters be twice inter- 
changed in a circular order, represent successively the loci of the 
equations 

-XV+ JL 2 /3 2 -iVy = 0, 

- xv - j/y + ivy = o. 
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198. Let 

ZW - M\ft 2 - Nly 2 = 0 (214) 

iind ZW ~ - N h 2 = 0, (245) 

be the equations of two conics wi+h regard to which the triangle 
of reference is self-conjugate. Eliminating a, ft, y successively, 
we get 

(zy/? -zp/~)£ 2 - (jv 2 z? - irez 2 )/ = o, 

mN'i)y+ (ZJJ/J - LWiy = O, (246) 

(iv 2 z* - iv 2 zj)a 2 + (ZPirJVS— mw\)(3' 2 = o, 

for the equations of the common 3S * 

chords of (244) and (245) ; these 
therefore (fig. 32) pass two and two 
through the three vertices of the 
triangle. 

199. Hence also, if a system of 
conics be described through four 
fixed points, the points in which the 
three pairs of opposite connectors intersect form a conjugate triad 
with respect to each curve of the system, and the triangle formed 
by joining them is a self-conjugate triangle . 

200. In this case 

</>(a, ft, y) — Z 2 u 2 — M~ ft — N 2 y 2 + Ofty + Oya + Oaft = 0 ; 

b, cy = M*N*a* - N 2 Z 2 b 2 - Z 2 M 2 c 2 . 

Wherefore, ( Q) will represent an ellipse , a parabola , or hyperbola , 
according as 

_ Vj _ 

Z 2 M 2 JV- 

is positive , zero , or negative . 
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(It), (3y — he! — 0 . 

By reference to (Art. 174. ( (?).) it will 
be seen that the equation (It) represents 
a come section to which CA (/3 = 0) and 
AJi (y == 0) are tangents , while JJC (a = 0) 
is their chord of contact. 

202. Here 


Fig. 33. 

A 



<£(a, /3, y) — 2XflT 0/3“ -j- 0y“ — 2/3y Oya -}- Oa/3 — 0 j 

( f>(a , b , 0 )'= — or + 4Z$o : 

and 0 / (It) ivill be an ellipse , ^ parabola , or hyperbola , #c- 

cording as 

h > *. 

203. 

($). /3y — /to =. 0. 

The locus of this equation (Art. 175. (TT).) is a system of similar 

Fig. 34. 
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and similarly -placed hyperbolas (fig. 34), having the side BC of the 
triangle of reference for i common chord, and passing through the 
points at infinity on the other two sides. Each curve of the system, 
therefore, has its asymptotes parallel to CA , A B. 


204. Equation ( S ), as we should expect, satisfies the condition for 
a hyperbola ; for we have 


c fr(a , y) — 2 dc? -j- 0/3 2 -f- Oy 2 — 2 "h ^ c y a “f* 2ba(3 — 0, 

,nd therefore 

* V 4S \ su J2tfl\ J2 oS 

, b y c) = — — -W4-2I bc + —j~ Jbc— 2( - 21- 




= — -y- ? essentially a negative quantity. 


205. Again the equation 


(T). /3y /; 2 — 0 

gives us 

<K a > A y ) = A 2 + 6 2 /3 2 + + 2 fiy + 2cflya + 2abap = 0 ; 

whence we shall find that 
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similar , and similarly situated hyperbolas, honing the two sides CA t 
AB, of the triangle of reference for their common asymptotes (fig. 35). 

206. Lastly, the equation 

( U). (P - lea = 0 

has for its locus a system of conics (Art. 175. (II).) to which 
a z=z 0 and the line at infinity are tangents at the extremities of 
the common chord /3 = 0. We shall now ha\e 

<p(a, 0, y) = 2a f — ~f?+ 0y- + 0/3 -y + 2cya + 2bafi — 0 ; 

/c 

<p(a, b, e)'— — cW — + b^jc" + 2 (bc)bc + 2 iffjca, 

= 0; 

t 

and ( U) represents a system of similar and similarly placed parabolas 

Fig. 36. 


% ^ 



of which 0=0 is a diameter , and a—0 the tangent at its extremity 
(fig. 36). 
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EQUATIONS OF THE SECOND ORDER CONTINUED. 

207. Instances will now be set before the reader of the mode 
of application to particular equations of the general results of 
Chapter VI ; the proof being, however, given in an independent 
form where the case appears to deserve a separate investigation. 
For the convenience of the student some of the most important 
forms of the equation of the second order are collected in the next 
Article. 


208. 

(1ST). Lfty + Mya -J- Naft = 0, 


or 


L 

a 


T 0 ^ 


N_ 

y 


= o, 


which represents a conic circumscribing the triangle of reference 

(Art. 180). 


( 0 5 ). L 2 a 2 + M 2 i 3 2 + N 2 y-2MN(3y-2NLya-xLMa(3 = 0 , 

or (Za)^ + {M^f + (Nyf z = 0, 

ivhich represents a conic inscribed in the tri ixgle of reference 

(Art. 187). 

(P). ZV + MY + Ny = 0, 

which is the equation of a conic with respect to whl:h the triangle of 
reference is self-conjugate (see Art. 194. (P). (Q).). 
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(i2). fty — ka 2 = 0, 

which is the equation of a conic touching the sides CA, AB , of the 
triangle of reference at the joints C and B respectively (Art. 201). 

( S ) . fty — ha ~ 0, 

which represents a hyperbola passing through B and C and having its 
asymptotes parallel to CA , AB (Art. 203). 

(T) . /3y-* 2 = 0, 


which is the equation of a hyberbola whose centre is at A , and to which 
the sides CA , AB are asymptotes (Art. 205). 

( U\ p 2 -ka~ 0 , 

which represents a parabola of which CA is a diameter and B C the 
tangent at its extremity (Art. 206). 

To these may be added the equation 

(F). ay - m = 0, 

which represents a conic circumscribing a quadrilateral whose sides 
are a = 0, /3 = 0, y = 0, 8 = 0, and, though not strictly speaking 
trilinear, may be regarded as a particular case of (Art. 173. (F).). 


209. Equation of the chord joining the two points (a 1? ft, y 2 ),) 
(««- ft, ys)* 


(N). 


L , M , N n 

— + -E- + — = 0. 

o p y 


i 
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The equation of the straight )ine joining the two given points 
(Art. 58. (68).) is 

(Aya ~ ftrO a + (w — 7201)0 + (a A — ^A)y = 0 ; ( 247 ) 
But, since in this case the points l’e on the conic (N), we have 

ai ft y! 


and 


whence, 


or 

Jj 

a l a 2 

and (247) may be written 


L x M N A 

h 7T H = 0 ; 

«2 ft ?2 

AT AT 


1 

1 

1 

1 

1 

' 1 ’ 

0i72 

0271 

7l«2 

72 «i 

a 102 

02 A 

0172 

— 0271 

_ 7l a 2 

— y 2 a 1 

_ a 102 — 

°2 ft 


AT 

ftft 


iV 
7' 7a 


(248) 


— a + ^ + — y = °, (249) 

a l a 2 Aft 7l72 

which is the required equation. • 

( 0,). l)J + Af*/ 9* + iV V = 0. 

Since (a 1? ft, y^, (a 2 , ft, 72) are points on the curve, we have 

l)a\ + + N^y\ = 0, 

and Z*a* + + N*yl = 0 ; 

L* _ M* N* 

0i7s P2Y1 7i 3 s — yl a \ a »0a a 2 0i 


whence, 



EQUATION OF A CHORD. 


115 


0)72 —feyi __ 7l«2 — 7201 «1&2 — . 

I> M + drl) M* (y W + yjaf ) N * (»,*/&+ «|^) ’ 

(250) 

and (247) becomes 

L\l sht + nh?)a + + yM )P + N \a?el + al$)y =’0, 

(251) 

the equation of the chord. 

(I>). l?ci + M 2 [ 3 2 + NY = 0. 

Since the given points are on the curve, we have 


and 

which give 


Hence, 


L\i\ + M 2 $\ + NY = 0 , 
L*al+ M*fi + N*yl= 0, 


V 

M 2 

_ -W 2 

P hi - Phi ~ 

7i«i — 72«1 

°l/^i 

Pm — P-2 yi _ 

/l«2 7‘2 a l 

a 102 + «2^1 

L 2 

M 2 

TV 2 

00 + &7i 

7l a 2 + 72 «i 

a l#2 + a 2#l 


and we have for the equation of the chord, 

— ft + ^ - = o. (253) 

P:1'2 + %yi 7i«2 + 72«1 oA + a iPl 


(It). Py - lea 2 = 0. 

We have, since the given points are on the curve, 

&7i = *oi, ' 


( 254 ) 



116 


TRILINEAR CO-ORDINATES. 


&y 2 = hal (255) 

Hence, multiplying (254) and (255) by y\ and y\ respectively, sub- 
tracting, and dividing by (y x a 2 + y&i), we get 

ftm ~ ftyi __ yi q 2 — y 2 q i ^ 256 ^ 

— k{y \a 2 -f y 2 q i) 7 i 72 

Similarly, if we multiply (254) and (255) by $, and ft\ and sub- 
tract, we get 

ftyg 327i _ — q 2& . 

— h{a x ft 2 + q sft) ftft 

and (256) and (257) give 

fty2 ~ &7i _ 7i q 2 — 72 ff l __ q ift — q 2 ft 

— h 7i72 Aft 

7l«2 “h 72 q l q lA + q 2/ft 

whence substituting in (247), we have for the required equation 


(257) 


(258) 


— ha -}- 


7i7s 


7i q 2 + 72 q i 


P' 


ft l ft 2 

■ ■ — 1 ' y Z 

q A + a %fti 


0. 


(259) 


Second method . — The equation of the chord may, however, be 
more easily formed, in the present instance, after the manner of 
Art. 126, as follows. The equation 

Q3— ft)(y— 72) + 0 — 0i)(y — 71) — 2^c(a — 0!)(a — a 2 ) = 2/3y — 2 ha 2 

(260) 

must represent a right line, since it is linear ; also it is satisfied by 
the co-ordinates of each of the given points ; it must therefore be 
the equation, of the chord. 

Equation (260) may be written 

2h(a l + a 2 )a-(y l + y 2 )l3- (ft + ft 2 )y—2ha l a 2 + fty 2 + fty, = C, (261) 
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which- may be readily thrown into the homogeneous form (Art. 

4). 

( S ) . fty — ka = 0. 

Here the chord will be represented by the equation 

G8-ft)(y-y*) + 0-A)(y-yi) = 2/3y-2 7a, (262) 

or, 27a-( yi + y 2 )/3-(ft + ft)y + (fty 2 + fty,) = 0, (263) 

for (262) is evidently linear and is satisfied by (a^ ft, yi ) or by 
(a 2 , ft, y 2 ). The equation just found may be rendered homogeneous 
by the method of Art. 4. 

(T) . /3y — 7 2 = 0. 

As in the last section, the equation of the chord of (T) is easily 
seen to be 


(P-AXr-tt) + 0*-A)(y-7i) = 2/3y-2P, (264) 

which is also not in the homogeneous form. 

(£7). 0 t -&a = 0. 

In this case the linear equation 

03 ~ ft)0 - ft) = /3 2 - ha (265) 

is satisfied by the co-ordinates of the given points on the conic 
( U), and therefore represents the chord which joins them. It ma^ 
be written 


ha — (ft + ft)/3 -f* ftft = 0. 


( 266 ) 
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210. Equation of the tangent at the point (ax,ft, yx). 

\ ' 

The equation of the tangent may either be deduced from that of 
the chord (Art. 209) by making a 2 = a L , ft> = ft, y 2 = yx ; or be foi med 
after eqq. (152), (153). If the latter method be adopted, it must 
be remembered that the form (153) may only be used when the 
equation of the conic is homogeneous, and that in other cases 
(152), the general equation of the tangent, must be employed. 


(N). 


Lfiy -f- Myu + 2Va/3 = 0. 


Putting a 2 = a lt ft = ftj y 2 = yi in (249) the equation of the chord, 
we have 



M 

01 


0+^7 = 
7i 


0 , 


(267) 


which is the equation of the tangent at (ax, ft, yx). 


Seco?id method . — The equation of the tangent is (Art. 129. (153).) 


© “ + © V + (dy) 1 - °* ^ 268 ) 

and, in the present case, 

im) = Na ' + Lyu (269) 


hence, 

(My, + Wj3,)a + {Nat + L yi )a + {j$t + Mc)y = 0 (270) 

is the required equation. 
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It is obvious that (267) and (270) may be derived the one from 
the other by means of (N). 


m 


zV + + N* y * = o. 


Making a 2 = a x , ft = ft, y 2 = y u in (251) we get for the equation 
of the tangent at (a l} ft, y x ) 


Z* M * N% , 

a + -jP+'- TV= 0 ' 


i “ T M n i 
«? 0? 7i 


The second method will give the same result, since 
(d<\>\ M h (d<p\ 2V* 


(Q)-E (w) _ M m. 

\daj Q a \dfij fib \dyj 




(271) 


(272) 


If the equation of the conic be taken in the form 

ZV + MV + N 2 y 2 — 2MN{3 y — 2NLya — 2LMa(3 = 0 

(153) gives the equation of the tangent in the form 

L{La x — il/ft — A r y 1 )a+^(Mft — iVy — N(Ny x — La x — ATft ) y = 0 

(273 

(P). xv + ii/ 2 /3 2 + ivy = o. 

The equation of the tangent, obtained by either method, is 

L\a + M%{ 3 + N 2 7l y = 0. (274) 


(P). fty — /ca 2 = 0. 

The equation the tangent, derived from (259) Art. (209), is 

2£'a 1 a — y^ — fty = 0. (275) 
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Also, since 



the equation (268) gives exactly thj same result. If the equation 
(261) be employed, the equation of the tangent will be obtained 
in the non-homogeneous form 

2lc ai a — yi/3 — fty — Jca\ *f ftyx = 0, 

which, however, reduces to the form (275) by reason of (22). 

(, 8 ). 0y - Jca = 0. 

The equation of the chord (Art. 209. (263).) gives for the equa- 
tion of the tangent at (a 1; ft, y x ) 

Jca — y x 0 — fty + ftyi = 0 ; 

or, since by ( S ) (3 x y x = lca ly (277) 

K a + a 0 — yi/ 3 ~ fty = (278) 


which (Art. 4) may be rendered homogeneous, if necessary. 

Second method . — The equation of the tangent at (a x , ft, y^, (Art. 
129. (152).) is 

n) = 0: (279) 

therefore, since 



the required equation is 

K a — °i) — yiO — ft) — ft(y — yi) = 0, 


( 281 ) 
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which, when 

Ayi 

is replaced by 

(277), 

is identical with 

(278). 





(T). 


1 3y—l~ = 

f 

> 

0. 


In this case 

fdt f>'\ 
\daiJ 

l = 0 ’ (&) = »’ 

f d<t>\ 

(/) = &> 
KdyJ 

and the equation 

of the tangent 

(Art. 

129. (152).) is 





I 

+ 

TO 

s- 

— 7i) = °> 

(282) 

or, since, by (T), 

II 

£ 





yiP + fty = 

21". 

(283) 

in 


/3 2 — Tea = 

0. 


Here | 


= - Jc, (—) = 

2ft, (t€) - 

-0; 


Kdai) 

\dpj 

\dyj 


and (152) becomes 





- 

- /((a—aj + 2/3i 0 — /3 t ) = 0, 

(284) 

or, by ( U), 


ft (a + a : ) - 

- 2ft/3 = 0. 

(285) 


211. Equation of the polar of the point (a u ft, ji). 

From the results of Arts. 134 and 135 it appears that the equa- 
tion of the polar jf the curve <p{a, ft y) = 0 , when the equation is 
homogeneous and of the second degree , is 



(286) 


identical with the equation of the tangent at the point (a 1} ft, y x ) ; 
and is 
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+ © (/3-/3l) + © (y-yi) + 2<#>(ai ’ /3i,yi) = °> 

(287) 

when the equation of the curve , though mt homogeneous , is of the 
second degree . 

Hence the equation of the polar may be readily formed in the 
case of any of the curves we are considering. It may also be 
deduced from the equation of the tangent by the method which 
was applied in the general case (Art. 134). Examples of each 
method are subjoined. 


(N). u 3y 4- Mya + mt 3 = 0. 

d(j) 
dpi 

(269), we have, for the equation of the polar, 

( Myi + JVPi )a + (iVcq + Ay x )£ + (Aft 4- Ma^)y = 0. (288) 

Second method. — Suppose (a 2 , ft, y 3 ), (a 3 , ft, y 3 ) to be the points 
of contact of tangents drawn through (cq, ft, y L ) to the conic. The 
equations of the tangents (Art. 210. (270).), since (a x , ft, y x ) lies 
on each, give 

(ikfy 2 4“ A/ft)a 4" (A^a 2 + Ay 2 )/3 4" (Aft 4“ A/ I 2 )y = 0, 
and (-My 3 4“ A7j3 8 )a 4- («2Va 3 4" Ay 3 )/3 4" (Aft 4" Afa 3 )y = 0. 

Hence the points of contact both lie on the line 

(Afy + Nfi)a l +(Na + Ay )ft + (A£ + il/a)y 1 =0 
or (A/yi 4“ ATft)a 4“ (Aftq 4- Ly\)P 4” (Aft 4* Afa x )y = 0, (289) 
and (289) is, therefore, the equation of the polar. 

It may be shewn, in a similar manner, that the equations of the 


Substituting'in (286) the values of 


dcj) 

da x 


dcfr 

dyi 


given in 
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polars of the given point with respect to (0 3 ), (P) and (P) are 
identical with (273), (274) and (27 5), respectively. 

Again, if we take the non-homogentous equation 
($). y — ha — 0, 

we have, by (287), 

— Jc^a — ai) 4~ yi(P — ft) 4" ft( v 7i) 4“ 2ftyi 2X'aj = 0; 
or, h(a 4- = 0 ; (290) 

the same as (278) the equation of the tangent at (at, ft, yi). 

Second method. — If (a 2 , ft, y 2 ), (« 3 , ft, y 3 ) be the points of contact 
of tangents through the given point, we have (Art. 210. (27§).), 
since (a l5 ft,yi) lies on each tangent, 


h(a 2 4- ai)“-y 2 ft~ ftyi = 0, 

and l*(a 3 4- — yaft — ftyi = 0. 

Hence, 

£(<* + «1 ; — yi/3 — fty = 0 

is the equation of a straight line on which both points of contact 
lie, and therefore represents the polar of (a u ft, y x ). 

In the same way the equations of the polars of the point with 
respect to ( T ) and (U) may be shewn to be (283) and (285) 
respectively. 

212. Condition that the straight line (t, m, n) should touch the conic . 

The required condition may be obtained either, as in Art. 131, 
by comparing the equation of the given line with that of the 
tangent (Art. 210), or by the direct application of the results of 
Art. 131 (Eqq. 155, 157); or, again, by combining the equations 
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of the straight line and curve (the latter in the homogeneous 
form,) and expressing the condition that their points of intersection 
should bd coincident. The following are examples. 


(iV). Lfty + Mya -j- Nafi = 0. 

Eliminating a between ( N ) and the equation 

la + mft + ny = 0, (291) 

we get 

Nmft 2 —{LI— Mm — Nn)fiy + Mny- — 0 ; 
which will give coincident values for if 

y 

(Zl—M7n—Nn) 2 —4MN?}in = 0. 

This, therefore, is the required condition ; It may be written in 
either of the forms, 

LH 2 + MV + NV — 2MNm n — 2 NLnl — 2 LMlm = 0, (292) 

or {LI) 1 + {Mmf + {Nnf = 0. (293) 

Second method. — Identifying (291) with the equation of the tan- 
gent at (a lf ft, yj) (Art. 210. (270).), we get 
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and from these, by the elimination ot a 1} ft, y l5 and A, we get for 
the condition of tangency, 

o, n 9 M, l % 

N, 0 , L, m 
My B, 0, n 

ly m , 7ly 0 


= 0. 


(294) 


If the determinant be expanded and the sign of the whole 
changed, it may be seen that this result agrees with that before 
obtained (Eqq. (292), (293).), and might nave been written down 
at once as *A W = 0, or vi, n)' =. 0 (Art. 131. (155), (157).). 


( 0 ,). 


zV + = o. 


A comparison of the equation of the tangent (Art. 210. (271).) 
with (291) gives 


* 


1> 

l 


A 


M* ' N* 

vi n 

and substituting these values for a l9 ft, y l in the equation 
la i + waft + ny y = 0, 


we get for the required condition, 


l 


4- 


m n 


= 0. 


(295) 


(P). LV + 3 2 + N V = 0. 

The condition of tangency may be at once written down from 
(155) Art. 131 in the form 

B\ 0, 0, l 

0 , M 2 , 0 , m 

0, 0, IP, n 

1, Wly fly 0 | 


( 296 ) 
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or obtained, from (274), as in the last case, in the form 


L+ ^! + ^l = o. 

t- t- N i 


( 297 ) 


(R). Py - ka? - 0. 

Identifying (291) with the equation of the tangent Art. 210. (275), 
we get 

• - 2kai _ ft. __ jy i . 

I m n 

whence, since ftyx = ka\, we have for the condition sought 

P - 4 Jcmn = 0. (298) 


(«)• 


(3y — £a — 0. 


The equation of the tangent to (S) at the point (aj, ft, yi), written 
in the homogeneous form (Art. 210. (278).) is 

( aa \ + 2 S)a -f y^3 + ft^y = 0. (299) 

Replacing 2$ in the coefficient of a by tfr^ + ^ft + cyi (Art. 3. (1).), 
and comparing (299) with (291), we have 

, 2 S 2 8 

2 aa t + bp, + Cy, _ ba ‘ k * cai k /3 ‘ 

7 = n = ~ X ( su PP° se )- 

Whence, eliminating <z„ ft, y„ X, we get, as in (2V) of this Article, 


2<t, i. 

i, 0, 

28 


Cy 1 

28 

~~r m 

0, n 


= 0. 





(300) 


n, 0 
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If we make use of (157), and remember that, in this case, 

#(«> ft 7) =: a fl2 + + 0 7 2 ~ 2 Tfty + 2 ^7 a + 2~u|3 = 0, 

we shall have 

J/? v S* c 2 . P.,Jt*,Sa\ JSb\ , J&A, 


so that the condition is 

4$ 2 / 2 . 9 4Slm(2a 

-JT + ^m-bnf r (j-- 


. (2a b c\ . . 


a result which will be found to agree with (300). 


/3y — /c 2 = 0. 


<j>(a, 0, y) = aV + 6 2 j3 2 + cV + 2(ic — j/3y + 2 m 7“ + 2 «M, 
and the condition of tangency (157) becomes 

(303: 


/3 2 — lea — 0. 


In this case 




and the conditic 1 is that this quantity should equal zero. 
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213. To find the co-ordinates of the centre . 

Let, a % ft, y be the co-ordinates of the centre. This point (Art. 
139) is the pole of the straight line at infinity whose equation is 




aa -f* 5/3 -f- Cy = 0. 
Jjfty -J- My a -j- _ZVa/3 — 0. 


(305) 


The equation of the polar of (a, /3, 7) with respect to this conic 
(Art. 211. (289).) is 

{My 4" JV/3 )a -f- (iVa -f- Xy)/3 -j- (Z/3 4" -3/a) y = 0. 

Identifying this equation with (305), we get 

Jfy + iVjST _ iV« + Xy _ X/3 + ifa _ ^ ( ^ 

_ j — A (say; , 


whence, proceeding as in Art. 137, we find 

“ _ 0 _ _y 


N,M,a 


0, M, a 


0, Ny a 


0 ,N,M 

0, X, 5 

— 

N, L, b 


Ny Ly b 

— 

JV, 0, X 

X, 0, c 


My 0, C 


My Ly C 


Jf,X, 0 


(306) 


that is, 


a 

x 


if 


x 

JV 


-La + Mb-\-Nc La — Mb No La-\-Mb — Nc 

-2 s 


(307) 


“XV + JfV + iV¥ - l 2MNbc - 2iVXc« - 2LMab 

(Prelim, chap (A).), 

equations which completely determine the centre. 
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( 0 5 ). ZV -f 2F& + JfV - 2J LY/3y - 2NIya - 2ZJI a p = 0. 

Comparing the equation of the polar (Art. 210. (273).) with (30 5), 
we get 

Z(-Ia + JI{J 4- A T y) __ J/(ZqV- J//7 -f A T y) __ Z\T( Z» + ,1/jtf - Ay> ) _ 
0 & 6* 

whence, proceeding as in the last example, we have finally 

a _ p _ y __ » $ __ 

il/t* 4” Ah 4” Ztf Zb 4~ 4/0 Zbc 4~ ZiZcit 4 * jS’ub 


lv + jpp 2 + jV y = o 


gives, in a similar way. 


a ft y 2 aS y 

a ~ _f_ «■ , , j_i 

x 2 3r jy 2 L' ' 1 * ji- ■*" iv 2 


fiy — la 2 — 0/ 


a ft y S 

a — b — c a} 

2 k 4 7s ~ b ° 


(3y — ha — 0. 


Here, comparing 

(2 da + b]i 4- y)a 4- (ba— 7 ) Z 3 + ~j? P )y = 0, 

the homogeneous equation of the polar, with (305), we find 


i _ P _ 7 _ 

2aS7^ - ca ~7 —ab <r 


K 
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Similarly, in the two next examples, the subjoined results are 
obtained. 


(T). 


(IT). 


(3y-tf=0, 

1 

2 S 0 - 0 - • 
a 

ft 2 — ha m 0 , 

a ft y 2 S 

7“T~“ “o” 


(312) 


(313) 


214. Condition that the conic should he a parabola. 

Since (Art. 131. Cor.) the stiaight line at infinity is a tangent 
to every parabola; and, again, (Art. 139) the centre of every 
parabola lies on this line ; the required conditions may be deduced 
from the results of either Art. 212 or Art. 213. They are seen 
below and will be found to agree with those given in Arts. 
185 — 206. 


( N ). XV + M 2 b 2 + JW— 2MNbc — 2NLca — 2LMab = 0. 

(O.). 

(*)■ 




£ + L + ^.=0. 

D + M 2 + iV 2 


{ R). 


Jc = 


4bc 


($). Impossible {the curve being always hyperbolic). 
(T). Impossible {the locus ocmg always a hyperbola). 
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( U). The condition is satisfied for every value of k ( and the curve is 
always a parabola)* 

215. It appears also from Art. 213 that the vertex A of the 
triangle of reference is the centre of the conic ( T ) (see Art. 205). 

216. Conditions that the conic should be a circle. 

Applying the conditions (194) of Art. 149 we obtain the fol- 
lowing results. 


The conditions are 
M N 


— + y + — = °- 
« p y 


JT 


L _ L M 
sin C sin Z sin A sin C sin B sin A 


whence we easily deduce 

L 


M 


N 


Hence 


sin A sin JJ sin C 


sin A . sin 7? sin C 

+ -s- + = 0, 

a (i y 

± + A + _i =o. 

« ^ /S ^ y 


(314) 

(315) 

(316) 


is the equation of the circle described about the triangle of reference. 


( 0 5 ). ZV-f JT/3 2 +iVy -2MJSrpy-2]TIya-2LMaP = 0. 


In this case the condition becomes 


Jfsin C+iV^sin B = JTsinA + Ls'n C= Z sin sin A ; 
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whence we shall get 


if 


N 


cos" 


COS“ 


Ji 


COS"- 


9 


( 317 ) 


2 — 2 2 
and the equation of the inscribed circle will be 


(■?)• 


A i 71 J , C i A 
cos “ 2 " a +cos— P +cos-^y = 0. 


XV + M' 2 i 3- + Ny = 0. 


(318) 


The conditions of Art. 149 become, in this case, 

if 2 sin 2 C-\- N“ sin 2 B = AT 2 sin vi + 1} sin 2 C — L 2 sin 2 I?+ if 2 sin 2 A , 

and give 


I? 


if 2 


JV 2 


sin 2 A sin 2 B sin 2 C 

and equation of the self- conjugate circle is 

sin 2 A a 2 + sin 2Bfi 2 -f- sin 2Cy 2 = 0 ; 

or, a cos A a 2 -f b cos B(3 2 + c cos Oy 2 = 0 ; 


(319) 

(320) 

(321) 


which will not , however , represent a real locus (Art. 194) unless one 
of the coefficients be negative, that is, unless the triangle of reference 
be obtuse-angled, 

(jR). /3y — ka 2 1 = 0. 

Here, the conditions (Art. 149) are 

sin B sin C = k sin 2 C =r h sin 2 B ; 
whence, k = 1, and the tri‘ Xyle of reference is isosceles. (322) 
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217. Let the equation of a conic Fig. 37. 



be the equation of any chord PQ , through the intersection of the 
fixed tangents, we get, by combining (323) and (324), the 
equations 



to determine its points of intersection with the conic ; the upper 
and lower signs referring respectively to the points P and Q , which 
lie on opposite sides of P = 0. 

218. The chord PO may be denoted briefly by /x 2 , and the 
points P and Q (after Dr. Salmon’s notation) by -f- yx and — yx 
respectively. 

219. The reader will observe that the equations 

R — + /jlL, 

M- ±fiE, 

represent the pairs of lines which join {LR) and {MR) respectively 
to P and Q. 

Similarly, any pair of straight lin? through {LR) and {MR) 
whose equations are of the form 
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R = IcL, 

M = M, 

will intersect on the curve. 

220. Any point which does not lie on the curve may be denoted 
by a pair of equations of the form 

{R = hL, M~ IR\ 

221. To find the equation of the chord which joins two given 


points on the conic LM - = Z 2 . 


Let /i l5 /Lt 2 (Art. 218) be the two points. At 
Art. 217. (325), we have, respectively, 

these points, as in 

Ht-' 

H 

5 j 

II 

5-1* 

(326) 

, L R M 

1 M2 A 

(327) 

Suppose the equation of the chord to be 


IL vR *4" in 21 — 0. 

(328) 

Since both lie on this line, we have, by (32G) and (327), 

I + »*ft + mrf = •>, 

(329) 

l -j- Tf*z -f- w?ft — 3. 

(330) 


Hence, eliminating l, m and r between (328), (329) and (330), 
we get for the equation of the chord /x^ 


Z, JR, M 

1, ft, Mi =0; (331) 

!, ft, Ml 

which, when expanded and divided through by ^ ^ becomes 

— (mi -j- i*j)R *f — 0. ^332) 
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222. To find the equation of the tangent at any point ^ on 
the conic LM — II 2 . 

Making /x 2 = fi l9 in tlie result of the last Article, we see that the 
equation of the tangent at ^ is 

lx\L - 2 + M— 0. (333) 

223. Similarly the equation of the tangent at — ^ (Art. 218), 
the other extremity of the chord is 


p\L + 2 ^11 + Jf=z0. (334) 


224. To find the polar of a given point with respect to the 
conic LM = II 2 . 


Suppose the given point (Art. 220) to be the intersection of 
the pair of lines * 


(R == hL, It = IcM), 


(335) 


and let ^ be the point of contact of one of the tangents through 
this point. The equation of the tangent (Art. 222. (333).) is 

g.\L — 2^R -p M=z 0. 

Since therefore the point (335) lies on this line, we have, by 
substitution 

l'fi\ - 2M/ZJ + Ji=z 0. (336) 


But at the point of contact ^ we have (Art. 221. (326).) 


1 ~ ~ A ' 


(337) 


and, eliminating between (336) and (337), we find for the equa- 
tion of the pola** at the given point 


hL — 2 hhR 4 - IcM = 0 . 


(338) 
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225. If from a given point 0 tivo straight lines he dra.cn cutting 
a conic in the points J\ and Q 1? 1\ and Q< 2 , respectively; the two 
' pairs of chords which join , directly and transversely, these four points, 
tvill intersect on the polar of 0 . 

Let L — 0, M = 0 be the equations of the pair of tangents 
which can be drawn to the conic through the given point: and 


Fig. 38. 



let R = 0 represent the polar of 0. The equation of the conic 
referred to these three lines will be 

L1I — R 2 = 0 ; (339) 

and, if the straight lines 0P 1 Q l , 0P 2 Q 2 be represented by rf, 
respectively (Art. 218), the points 1\, Q l will be denoted by + /q, 
and P 2 , Q 2 by + /x 2 , respectively. Hence (Art 221. (332).) the 
chords P X P 2 , Q\Q 2 will be represented by 

M 1 M 2 L + (/q + P 2 )R + 0, (340) 

and the transverse pair, P X Q 2 , P 2 Q X , by 

— /q/q£ t (/q — M = 0. 


(341) 
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From the form of these equations it follows that the two pairs 
have their points of intersection on R — 0, the polar of O. For 
(340) shews (Art. 16) that 1\Q U 1\Q 2 , both pass through S, the 
point of intersection of R = 0 with J/+ = 0; and from (341) 

it appears that I\Q 2 , P 2 Q\ both pass through T \ the point of inter- 
section of R — 0 and = 0. 

226. Hence also it follows that the equations of OS , OT are 
respectively 

J/+ jxj/aoT' — 0, (342) 

0. (343) 

227. Therefore also OS, OT form with OP OP 2 a harmonic 
pencil (Art. 95) ; for the equations of these four lines are 

L — 0 , 1\[ — 0 , M + — 0 . 

228. Again, from the form of the equations (340) it appears that 
the four lines SO, S2\ SP ly SQ X form a harmonic pencil. There- 
fore the chords PiQ u P 2 Q 2 are cut harmonically by the point 0 and 
its polar ; and we have the well-known Theorem ; — 

Every chord of a conic is harmonically divided by any 'point on it 
and the polar of that point . 

This is also evident from the form of the equations 

R = + Ml L, (344) 

R = + (345) 

representing (Art. 219) the pairs of lines which join the point of 
contact of one of the fixed tangents to the extremities of the 
chords P\Qu P 0 Q 2 respectively. For (344) and (345) each form 
a harmonic pencil with L z± 0, R~% and, consequently, the 
transversals OP x Q ly OP 2 Q 2 are harmonically divided. 
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229. The poles, with reference to a given conic , of straight lines 
which pass through a fixed point, lie on a fixed right line . 

Let the conic be referred to any pair of tangents and their chord 
of contact, and let its equation be 

LM = K-. ( 346 ) 

Also let the straight line the locus of whose pole with respect to 
(346) is to be found be represented by the equation 

IL — 2pR f mM = 0, (347) 

in which p is indeterminate (Art. 16). 

Suppose 

(R = liL , R = UT) (348) 

(Art. 224. (335).), to be the pole of (347); then (Art. 224. (338).) 
the equation 

hL — 2 hkR + JcM = 0 ( 349) 


must be identical with (347). Comparing them, we get 

h hh Jc 

l p ,n 


(350) 


But at the pole we have, by (348), 


L- IL . - K- 

k hk h ’ 


(351) 


hence, substituting for A, k , from (350) in (351), we get 

m p l 7 

and the locus of the pole of (348) is a straight line whose equa- 
tion is 


IL — mM = 0 . 


(352) 
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230. shall conclude this Chapter by calling the attention of 

the reader to a few geometrical theorems, which are involved in 
the forms of equations investigated in the preceding Articles. 

Thus from the forms of (R), ( S ), (T) and ( V) respectively we 
deduce the following; — i 

The product of the distances of any point on a conic from a pair of 
tangents bears a constant ratio to the square of its distance from their 
chord of contact. 

If at the extremities of any chord of a hyperbola parallels be drawn 
to the asymptotes , the distance of any point on the curve from this 
chord is in a constant ratio to the product of its distances from these 
two straight lines. 

The rectangle under the distances of any point on a hyperbola from 
the asymptotes is constant. 

The square of the distance of any point on a parabola from a 
diameter is proportional to its distance from the tangent at its 
extremity. * 

Again, (316) may be written in the form 

a fly + bya Ca ft z=z 0 ; 

and, if P be any point on the circumscribed circle and Q , R, S the 
feet of the perpendiculars from P upon the sides of the triangle, 
this equation asserts that the algebraical sum of the triangular 
areas PRS , PSQ and PQR is rz: 0. Hence Q , R , S are in the same 
straight line ; and we ha v e the following theorem ; — 

If from a poir* on the circumference of a circle perpendiculars be 
drawn to the sides of any inscribed triangle , the feet of these perpen- 
diculars will lie in one and the same straight line. 

Also from (322) it appears that if a circle be described touching 
the sides of an isosceles triangle at the extremities of the base , the 
rectangle under the distances of any point on the circumference from 
the two sides is equal to the square of its distance from the base. 
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CHAPTER IX. 

THE CIRCLE. 

231. To find the equation of the circle described about the 
triangle ABC. 

We may assume the equation Fig. 39. 

(Art. 180. (iV).) to be of the form 

Lfty 4" My a + iVa/3 — 0. 

(353) 

The equation of the tangent at C 
(Art. 181. (234).) gives for any 
point P upon it 

L _ _ 

(*' 

Therefore (Euc. iii. 32), when (353) represents a circle, 

L a PR __ PCsin 4 sin A # 

M" ~~PQ~~ PC sin JJ “ idT/T 

and we have, by symmetry, 

L _ M = N 

sin A sin B sin C 

Hence (353) becomes 



or, 


sin A@y + sin Bya + sin Ca/3 = 0, 
afiy 4“ bya 4" Caji = 0. 


(354) 

(355) 
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232. j i * find the equations of the inscribed and escribed circles. 

The equation must (Art. 187. (0 6 ).) be of the form 

(La)* 4- (Mpf + (Ny)* = 0 ; (356) 

and the equation of the straight line which joins C to the point of 

Fig. 40. 




XV 


A d e 

contact of the opposite side (Art. 187. (238).) gives, for any point 
upon it and therefore for the point of contact D , 

T a 71 7 ~> 71 4 • a OD cot — sin A cos 2 ™ 

L 0 DR DA sm A 2 2 


][ ~ « ~ DQ ~ DJJ sin B ' 


OD cot ~r sin B cos 2 


B 


Hence, by symmetry, 


M 


N 


COST- 


0 A 


Ji 


COS“ 


2 2 
and the required equation is, by (356), 

B x 


COS" 


a 


Ax X> i l; i 

COS ~a z + cos 0* + JCOS — 0. 


(357), 


233. Similarly the equations of the escribed circles may be 
shewn to be 


/ . 


B 


C 
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sin 4' ai + cosY(-^) 4 -i-sin-^-y i = 0, (358) 

sin a' 4. sin ~ $ + cos 3L. ( — y)“ = 0. 


234. It will be seen that the equations just obtained for the 
circumscribed and inscribed circles pro the same as those given 
in Art, 216. A full discussion of them here would be superfluous, 
since all that was said with regard to the conics (JV) and ( Oj) in 
the two preceding Chapters applies, mutatis mutandis , to these 
circles. A few, however, of the more important results there ob- 
tained will be given in the present Chapter under their modified 
forms. For the sake of clearness we commence by explaining the 
notation employed. 


235. 


R, 0 R ; A , R, C 

V) O r j A r , R r i (, 

O a J A 13 a , C a 

fb) Obi d-by fib* O b 


V Ci O c y A c y B c y C c 

r e , O s ; 


^9) Oq y 


d-u Ru 0\ 

A%y R 2i ^2 


* ~ o 




rS 


Cl, ^ 

co tS 

2 ^ ^ 
a .« =, 
0) 

« s ^ 

g ^ $ 

Q. T3 , 

0^ C ^ 
u c2 <K» 


S lt = 0, the circumscribed 0 . 
S r = 0, . . inscribed . . 

S a —0 } . . escribed (on BO) . . 

S b =0, . . escribed (on CA ) . . 

S c = 0 , . . escribed (on AR) . . 

S s = 0, . . edf-conjugate 

S 9 = 0, . . nine-point 


Similarly $ arc , & a6r are the circles described through 

Oai 0 b , 0 C ; O n 0 b , O c ; 0 O , O ri , 6> c 5 6> a , 6> 6 , 0 r , respectively. 


-^2» -^2» 0 9 


middle points of the sides, 
feet of _L r * /row the vertices ; 


Also, 


o'-e the - 
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and 


P i 


the _L ,S at the middle points. 


Pi 


the AJ* from the vertices. 


(f 


G r 

G a 

G b 

G c 


is the 
intei sec- 
tion of* 

i 


G 


(the 


AA„ BB „ CC\. 

m 

AA„ BB„ CC r . 
AA„, BB a , CC c . 
AA h , BB b , CC 14 
AA*, BB c , CC c . 
AA„ BB„, CC c . 


236. 


(Sn). 


af3y + bya + Cal 3 — 0. 


Suppose a triangle A'B'C' to be formed by drawing tangents to 
the circumscribed circle at the points A, B, C. Then it will ap- 
pear, as in Art. 181, that its sides, whose equations are 

T + X “°- 

b c 

JL 4. JL = 0, (359) 

c a 

and — 4- = 0, 

a b 

meet the opposite sides of the original triangle in points which 
lie on the straight line 

— + -r + — = °; ( 36 °) 

a b c 


also Art. 182.^236).) A A', BB\ CC' are represented by the 
equations 
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_/* Z_ =r 

b c 


c a 


a b 


and (Art. 183. (237).) meet in a point (a 0) j3 0 , y 0 ) such that 

<*0 ftp __ y 0 2S 

a b c a 2 + c 2 


237. For the equation of the chord joining the points (a 15 fS u y x ), 

(a 2 , , y 2 ), we shall have (Art. 209. (249).) 

— + + — = °- ( 3C3 ) 
, Pi/*! 7l 72 

and the equation of the tangent at (a x , ft, y x ) w ill be 

% + % + - V 7 = 0 ; (364) 

«r /* \ yi 

while (Art. 212. (293).), for the condition of tangency of (l 7 m y n), 
we have 

(al)* + (bm) 1 + ((,•«)* = 0. (305) 

238. The centre 0 R of the circumscribed circle is given (Art. 213. 
(307).) by the equations 

a /3 y 2S 

cos A cosU cos C a cos A + b cos B + c cos C 


and therefore, as may easi.y be shewn, coincides with 1\. 
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/cn A , B x <7 X 

vAJ- cos — a* + cos — £* + cos — y 2 = 0. 

It may be shewn, as in Aft. 187, that the equations of AA t , 
BB r > CC\ are 


COS 2 — /3 — cos 2 — y =r 0, 

, C „A 

cos“ “ 2 " y — cos“ — a = 0, 


cos 2 — a — cos 2 -7-/3 = 0, 


respectively, and that G r , their point of intersection, is given by 
the equations 


COS“-^a 0 = COS 2 -yA)= COS" YVo» 
a(s — a)a 0 = b(s—L)(3 0 = <?(* — e)y 0 . 


240. The equation of the tangent at any point (a l? ft, yj) (Art. 
210. (271).) is 

1 A IB 10 
— cos- 2 -« + “^ cos y / 3 + -rcos — 7 = 0’ ( 3 ?°) 


and the condition of tangency for (l, m , w) (Art. 212. (295).) is 

JL cos 2 — 4 - — cos 2 — 4 — Lcos 2 — = 0; (371) 

l 2 m 2 n 2 


«(* — a) , 5(s - , e(s — c) 

l m n 
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241. Again, (ft the centre of the inscribed circle (Art. 2 1 «3. (308).) 
is given by the equations 

a — $ — y — — = r 9 (373) 

s 

and therefore (Art. 20. (10).) coincides, as we know from the 
geometry to be the case, with the point of intersection of the 
bisectors of the angles of the triangle 

242. The centre (ft of the circle escribed on BC (since it is the in- 
tersection of the lines (3 — y — 0, y + a — 0, a /3 = 0) is given 
by the equations 


(ft). a cos Aa 2 -f b cos Bp? c cos Cy 2 — 0. 

The equation of the tangent at any point (a x , ft, y x ) on the self- 
conjugate circle (Art. 210. (274).) is 

a cos Aa x a + b cos -#ft/3 -f- c cos Cy x y = 0, (375) 

and the condition of tangency for ( l , m, n) (irt. 212. (297).) is 

+ I r ^ T , + — —tv = 0- (370) 

a cos A o cos B c cos 6 

244. Also (Art. 213. (309).) (ft, the centre of the self- conjugate 
circle, is such that 


COS Aaz=z cos Bp = cos Cy — 


a sec A + b sec B + c sec C 
2 R cos A cos B cos C f 


and therefore (Art. 25. (18,.) coincides with P 2 . 
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THE NINE-POINT CIRCLE. 

245. Theorem. — In any triangle ABC, the feet of the perpendiculars 
from the vertices (which meet in IK), the bisections of the segments 
AIK , Bl\, Cl\ , and the middle* points of the sides, are nine points 
which lie on the same circle ; and this circle touches the inscribed and 
the three escribed circles of the triangle. (Jfouvelles Annales de 

a t h cm a t i q u e s , 1842). • • 

The following general form of this Theorem is given by 
M. Terquem in the same paper. • • 

If through the vertices of any triangle uLIJC, inscribed in a conic , 
three straight lines be drawn conjugate to the opposite sides a , these 
three lines intersect in a point P ; and the three points in which they 
meet the opposite sides of the triangle , the bisections of the segments 
AP, BP, CP, and the middle points of the sides , are nine points 
which lie on a second similar and similarly situated conic : also this 
conic touches an inscribed conic which is similar to the given one m and 
similarly placed . 

The equation of the nine-point circle will be found hereafter 
(Arts. 253, 254). 

246. To shew that the equation of a circle may always be written 
in the form 

afiy -f* bya -J- Ca/3 = (aa bp -f- Cy ) (la -J- Mp -J- Uy) } 

t 

l, m, n being arbitrary constants . 

The general equation of the second degree 

<£(( 1 , /3, y) ~ Ad 4“ Cy* 2DPy 4" 2 lya 4“ 2j Cap = 0 

may, since aa bp cy z= 2S, be written in the form 

Abc(bp 4” Cy — 2 S)a 4* Bca(cy 4~ aa — 2S)P 4” Cub(aa-\~ bp — 2$)y 
— 2 abc(I)3y 4“ Pya 4- Pap) = 0, 

a Straight lines are said to be conjugates wj- h respect to a conic when they 
are parallel to conjugate diameters. 
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or, 

a(Bc 2 -\- Cb 2 -2J)bc)Py-\-b( Ca 2 -\-Ac 2 —2Fca)ya-\‘c(Ab 2 -\-Ba 2 —2Fab)afi 
2alcS + ~y~ + = 0. (378) 

But, if <£(a, /3, y) = 0 represent a circle we have (Art. 149. (195).) 


Be 2 + Cb 2 — 2 Dbc = Ca 2 + Ac 2 — 2 Eca = Ab 2 + Bar — 2 Fab 

= A (say) ; (379) 

and (378) becomes 

(ifiy 4" 4" Cafi = y a 4“ y fi 4 — ~ 7^ (380) 


ob Cf r J A , B „ , C \ 
- T (aa+bp+cy)[--* + T t3 + —y)’ 


(381) 

which is of the required form, the values of l, m and n being 

Abe Bca Cab . 

y j —y 5 -- j' ■ ) respectively. 


For examples of this form of equation to the circle the reader is 
referred to Arts. 252 et sqq. 


247. The form of the equation arrived at in the last Article 
shews (Art. 169. (-#).) that every circle meets the circle 

ttfiy “v bya 4“ — 0 (382) 

in four points, two of which are imaginary, the straight line at 
infinity (Art. 52) being always one of «he chords of intersection. 
Hence all circles pass through the same tico imaginary points at 
infinity . 
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If this -property be assumed, it follows at once from Art. 169 
that the equation of a circle may be written in the form 

d(3y + bya + Ca$ = ( (la + bj3 + Cy) ( la + W/3 -f Wy), (383) 

or #/3y 4~ bya + Cap = 2>S^7a + mft -f Wy)* (384) 

248. The equation of thfc other chord of intersection is eviddhtly 

la -f* n(3 4” Uy ~ 0^ , (385) 

this therefore is the equation of the radical axis of (383) and the 
circumscribed circle (382). 

249. To find the equation of the radical axis of two circles. 

Let the equations of the circles, when thrown into the form 
which has just been investigated, be 

apy + bya + Ca(3 = (tfa + + c y) (h a + Wj/3 + n x y), 

and afiy + bya + Caft = (aa + bp + cy) (/ 2 a + + %y). 

Subtracting, we get 

{aa + i/3 + Cy) {{h—l 2 )a (*», — »O0 + («,— w 2 )y} = 0 : (38G) 

lienee, one of the chouds of intersection (Art. 167) is imaginary 
and at an infimte distance (see also Art. 247) ; the other is real 
[except in the case of concentric circles (Art. 251),] and is repre- 
sented by 

(/, — l 2 )a + (tn i — m 2 )fi + (% — n 2 )y = 0, (387) 

which is therefore the equation of the radical axis. 

250. If the equations of the two circles be given in the general 
form 


jL\c? -I - 4“ Ciy 2 *4“ 4“ 2A\y a 4- 2 F^aP — 0, 

A*? 4- JBfi? 4- cy 4- 2 D£y 4- 2 E^ya + 2 Ftf = 0, (388) 
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the equation of their radical axis (Art. 246. (381).) will be 



the values of being similar to that which 7c has in the Article 
referred to. 

251. Suppose the given equations to differ only by a constant 
term, or, which is the same thing, by a multiple of aa + bp 4- cy. 
The circles, in this case, are concentric b , and we get on sub- 
traction 

0 aa A bp A cyf = 0 ; 

which shews (Art. 249. (386).) that both chords of intersection arc 
imaginary and coincide with the straight line at infinity. Hence 
it is to be inferred that concentric circles touch each other in two 
imaginary points at infinity . 


252. To find the equation of the circle inscribed in the 
triangle ABC . 

Let it be assumed (Art. 247. (383).) to be 

Opy + bya + Cap = (aa + bp + Cy) (la + mp + »y). (390) 


b For the centre of the conic 

<p x (a, y) + 2 Jc(aa + bfr + cy) = 0 

is (Art. 137. (166).) given by the equations 


^- 1+2 ka 
d a 


( ^ + 2 U ( 

\d ,8 / \dy J 


+ 2kc 


Therefore, 



and the conic is concentric with the conic Qf*, j8, 7 ) — 0. 
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Since the%circle passes through A r) (0, («— 0 ) sin C, (s — b) sin B), 

or (Art. 26), ( o ^ — - — — , — - — -V the point of contact of the side 
\ 1 b(s — b) c(s — c)J 

BC % we have by substitution in (390) 


bc{s- 

Ilence, 

Similarly, 

and 


_£ _ ( 1 , 1 V n l . ” N 

- b)(s—c ) \s —*b s — c) \b(s — - b) ' c(s — c)J • 

+ (391) 


m n __ a 

b(s — b) c(s — c) dbc * 


-r + 


l 


c(s — c) a(s — a ) abc 


l 


m 


a{s— a) b(s — b) abc 


(392) 

(393) 


Therefore, subtracting (391) from the sum of (392) and (893), 
e get 

2 1 b + c—a __ 2(s— a) 


a(s—a) abc 

and therefore, by symmetry, 

l _ 7)1 


abc 


(394) 


a(s— of b(s—b) 2 c(s — c ) 2 abc 

and (390) becomes 

2 S 

a$y + bya + ca[ 3 ~ {a(s—a) 2 a + b(s—b) 2 fi + c(s—c) 2 y}, (395) 

which is the required equation. 


253. To find the equation of the circle which passes through the 
middle points of the sides of the triangle ABC . 

Suppose the equation to be 

.'Ay + bya -f- Cafi — (tfa -J- Jj3 -J- Cy ) (?a -f* -J- Wy). (396) 



152 


T BILINEAR CO-ORDINATES. 


Since the circle passes through the middle point A x 
~ s i n C, | sin b'J or ^0, 1, (396) gives 


2 (t + t) 


Therefore, 

m n _ a 2 

b c 2 abc 

(397) 

Similarly, 

n l l) 1 

c a 2abc 

(398) 

and 

l m e 2 

a b 2 abc 

(399) 


Subtracting (397) from the sum of (398) and (399), we have 

21 _ lr c* 1 — a* __ cos A t 
a 2 abc ~~ a 


therefore, by symmetry. 


l 


cos A cos B cos C 


(400) 


and, substituting these values of Z, m f n in (396), we have 

afiy + bya + Ca/3 = ~ (tfa + Z»/3 + Cy) (cos A a + COS Bfi + COS Cy). 

(401) 


254. To find the equation if the circle which passes through the 
feet of the perpendiculars from the vertices of the triangle ABC upon 
the opposite sides. 

Assuming the equation to be 

dj Sy bya -4* Ca(3 = (da -j- b(3 4” Cy)(la -f* ^y)> (402) 
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we have, % since it passes through A. 2 (see Art. 235) (0, p a cos C, 
P^osB) or (o, coiT')’ 

a _ / £ c m jl. n \ 

cos B cos C \uosB cosC'Acosi/ cos 67 ’ 


that is, since 

b cos C + c cos B = a, 



m n • 

cos B cos C 

(403) 

Similarly, 

m + 1 = i 

cos C cos A 9 

(404) 

and 

1 + m =i 

cosy! cos B 

(405) 


Hence, subtracting (403) from the sum of (404) and (405), we 
find 

- 1 

cos A ’ 


and therefore, by symmetry, 

l m n 1 

cos^l cos_# cos C 2 ’ 


(406) 


values which give for the required equation 

(tfiy 4- bya -f CaP~^(aa + b$ + Cy)(cosAa + COs2?j3 + COS Cy). (407) 

255. The resulting equations of tne last two Articles, it will be 
observed, are identical, and M. Terquem’s Theorem (Art. 245) is 
proved so far as the six points A if B u C\, A B 2 , C 2 are concerned. 
With regard to the three remaining points it is only necessary to 
remark that the circle which passes through A 2 , B 2y C 2 must like- 
wise, by what precedes, (since these points are also the feet of the 
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perpendiculars upon the sides of the triangle A BP 2 from the ver- 
tices which subtend them,) pass through the middle points of AP 2 , 
BP 2 , and/ for a similar reason, must also bisect CP 2 * 

256. Thus it appears that (407) is the equation of the nine-point 
circle S 9 . That part of the Theorem of Art. 245 which refers to 
the contact of this circle with the inscribed and escribed circles of 
the triangle ABC may be verified by applying the condition of 
tangency (Art. 131. (155).) to the equation of the radical axis (see 
Art. 262) of $ 9 with S n S a , S b and S c successively. 

257. Fig. 41 exhibits the relations in which these circles stand 
to one another, and the position with respect to them of certain 
important points connected with the triangle of reference. Thus 
0 llf G u 0 9 and P 2 are collinear, O u being the bisection of P 2 O r , and 
(fP»~ 2 G x O R . Again O r , G x and G abc are collinear, and G x G ahc — 
26^0,.. Hence also P 2 G abc is parallel to O r O Jty and P 2 G abc — 

20 A- 

258. The centre of the nine-point circle is manifestly the intersec- 
tion of perpendiculars to the segments A X A 2 , B x B 2y C\ C 2 , at their 
middle points. 

If therefore a, ft, y be the co-ordinates of 0 9 , we shall have 
(Art. 238. (366).) and (Art. 244. (377).), 

— 1 B 

a = -zr (B cos A + 2R cos B cos C) =_ —cos (B— C), 

and therefore, by symmetry, 

= = r — _ = (408) 

cos(B-C) cos (C—A) cos {A— A) 2 v 

259. To find the equation of the circle which passes through 
O al O b , O c (Art. 235). 

Let the equation be assumed to be 

afty -f hya + Caft — ( aa -f- bft -f Cy ) (la + mft -f- ny) = 0. (409) 
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At O a we have 

— a =: & = y = T a . 

Therefore a—b—c—(a — b — c){l — m — n) = 0, by (409) ; 
whence, l — m — n — 1 . 

Similarly, — n — 1 , 

and — l — m -b n — 1# 

These equations give 

l = m = n = - 1 , ( 410 ) 

and, substituting these values for /, m, n in (409), we get 

Clfiy -j- bye i -f* Ca(3 -f- ( (la -f- Z>/3 -f- Cy) (a j3 -f- y) ~ 0 jAl l) 
for the equation of J8 abc . 

260. To find the equation of the circle which passes 
through O r , O b , O c . 

Proceeding as in the last example, and substituting in (409) the 
values of a, j8, y at the points O n 0 b , O c , successively, we get to 
determine /, n, 

* l + m + n = 1 , 

— I + m — w = 1, 
and — l — m + n = 1 : 

whence, 

— I -=l m — n ~ 1, 

and we have foj the equation of # r6c 

a(3 y ~f* 5ya -p H“ (^ a "b £y) (# — ft — y) — 0. 


(412) 

(413) 
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261. The equations of some of the more important circles arc 
collected in the subjoined list. For the sake of shortness 2 S has 
been substituted for aa + bp + cy. For an explanation of the 
notation employed the reader is again referred to Art. 235. 

(Si t). aPy-j-^ya-\-Cap =■ 0. 

2 8 

(S r ). aPy+lya+CaP — {a(8—afa+b(s—bfPi- c(s — c'fy } = 0. 

2S 

(S a ). aPy+bya+Ca/3 — ^ {«« 2 a + l(s — cff . 3 + c(s — If y} = 0. 
2 S 

(S b ). aPy+bya+cafi — {^(<9 — c) 2 a + bs 2 p + c(s — a) 2 y } = 0. 


2 S 

(S e ). a py+ by a+CaP — {«(* — b) 2 a + b(s — a) 2 p + CS 2 y} == 0. 

(S 9 ). apy+bya+Cap — S {COS Aa + COsB p + COS^y} = 0 . 

(S 8 ). apy+bya+Cap — 2S {cos A a + COsi?0 + COs(7y| = 0 . 

(S a bc)* (tPy-\-bya-{-Cap + 2 S (a + p + y) = 0 . 

(S rbc ). aPy-\-bya~\-Cap + 2S (a — p — y) — 0. 

( S ilrc ). apy+ bya+Cap + 2S (p — y — a) =r 0. 

(Sabr)' aPy-\-bya-\-Cap + 2$ (y — a — p) = 0. 


262. The radical axes of these circles taken in pairs, are repre- 
sented (Art. 249) by the following equations : — 


(£*) and (S r ). 
(«*) • • • ( 4 ). 
(*W . . • (*). 
(«*) • • • («.)• 


a(s—aj 2 a + b(s—b) 2 p + c(s—c) 2 y = 0. 
as 2 a + b(8—b) 2 p + o) 2 y = 0. 
COS ^4 a + COsi?/3 + cosOy=0. 

COS -<4 a + COS Z? /3 + COS Cy = O. 
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(Sr) and ($*). 
(Sr) . . . (S, bc ). 

(S r ) ...(S a ). 


a + P + y = 0- 


a — /3 — y z=z 0. 




b+ c 
Y^c 


CLa -f- b(3 — Cy ~ 0. 


(A) ...(A)- 


b — c c — a a — b 


(S.) 



bp* * c y 
c it a + b 


(S») ...(S'). 


— + JL + _££_ = o. 
£ £ £ — & 


(Sc) ...(So). 


(la bfi ^ Cy 

b + c c + a a — b 


(S s ) ... ($ 9 ). cos Aa + cos Bp + cos Cy = 0. 

(&*) • . . (Srbe)‘ P + y = °* 

($«5c) • • • ( $arc) • > + a =: 0. 


($a6c) • • • ($«6r)’ aJ rP 

(««.)... (s^. $ y = 0. 

( $abr) * • • ( $rbe) * y a — 

($*)• * • (^c). a P 0. 


From the above? it appears that $ s , $ 9 coaxal circles , 

a conclusion to which we are alscP led by a comparison of th# 
equation of $ 9 , which may be written in the form 


a 2 sin2^4 +^3 2 sin2J?+y 2 sin^(7— 2(/3y sin^4+ya s i n ^?+ a £sin C) ~ 0, 


with tfyose of S R and S, (Eqq. 315, 32%). 


( 414 ) 
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263. The co-ordinates of some of the principal points referred 
to in Art. 235 will be found below : — 


CP.) or (On). 

a 

cos A 

0 

cos B 

y 

cos C 

~R. 

(Or)- 

a — 

0 = 

y 

= r. 

(Oa). 

-a = 

0 = 

y 

= *•«. 

-(0„). 

a = 

-0 = 

y 

= n- 

(Or). 

a ~ 

0 = 

— y 

= *v. 

(0,). 

a 

0 _ 

y 

_ 

cos(V7— C Y ) cos( C—A) 

cos (A—B) 

” 2'* 

(Pi) or (0.). 

cos Aa — cos Bp 

= COS Cy z 

- 2EcoSuicos //cos C 

(0.)- 

(la = bp 

= = 

28 
= 3 ' 


(Or)- 

a{fs — a)a = b{s—b')p 




(Gate). 

aa bp 

s— a ~ s—b 

= g y = 

* 

= 2r. 
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CHAPTER X. 

GENERAL TJIEOREMS AND PROBLEMS. 

264. A conic is completely determined when Jive points upon 
it are given. 

Por the most general form of the equation of a conic, viz. : 

Ac? + + Cy 2 + 2 D$y + 2 Eya + 2Fap = 0, (415) 

involves six constants, and the five equations which we obtain by 
successively substituting in (415) the co-ordinates of the given 
points are sufficient to determine their proportional values. 


265. A conic is completely determined when Jive tangents to it 
are given. 

The condition that any line {l, m 9 n) should touch the conic 
(415) is (Art. 131. (157).) • 

A' l 2 -f B'm 2 -f C'r< r*4- 21/ mn 4- 2 F'nl 4- 2 F'lm = 0 ; (416) 

and, if five tangents (l lt m l} n x ) 9 (/ 2 , w 2 , w 2 ), ... be given, we shall 
have five such equations, whence the proportional values of 
A', J3\ C', . . . may be determined. These being known, the pro- 
portional values ^.f the coefficients in (416) — the constituents of 
the determinant A, are also known. This* proves the proposition ^ 

266. If from a point 0 two chords OR l R 2f 0S 1 S 2 he drawn in 
given directions . to a curve of the second degree , the ratio of the 
rectangles under the segments of the chords is the same for every 
position of 0. 

M 
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For (Art. 13 . (8).) the distance of 0 (a 0 , / 3 0 , y 0 ) from the curve, 
in any direction, is given by the equation 

p, v)r -H .... 4- (f>(a 0 , Pq, y 0 ) = 0. 

Hence, if (A 1? v,), (X 2 , M2> v 2 ) are the two fixed directions, we 

have 

OB\ . OJi 2 __ ft). >) # go> yo) 

OS, . 0& 2 <KX x , fii, J'O <#>(X 3 , /* 2 , ^2) 

_ <j6(X 2 , /x 2 , y 2 ) 

<K x n Mu *t) 

an expression which is independent of a 0 , / 3 0 , 7o» and is, therefore, 
constant for every position of 0. 


267 . To prove that the (inharmonic ratio of the pencil formed by 
joining four points on a conic to any fifth point on it is constant . 


Let P„ P 2 , P3, P A be the four given points, and A,B , C any other 
points on the conic. 


Fig. 42. 



Take the inscribed triangle ABC for the triangle of refer- 
ence; then the equation of the conic (Art. 180 . (TV).) will be of 
the form 
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Let us assume 


and 


y — h x a = 0, 

y — 7? 2 a = 0, 

‘ (418) 

y — /# 3 a = 0, 
y — a = 0, 

j 

£ — a = 0, 


j3 — Z’ 2 a = 0, 
0 - * 3 a = 0, 
j8 - /t 4 a = 0, 


(419) 


for tlie equations of the successive rays of the pencils 

{B. P l P 2 P 3 P A } and { C. PiP 2 P^P 4 }, respectively. 

The point of intersection of the first pair of corresponding rays 
in (418) and (419) is given by the equations 

ci 3 _ y 

1 Z’i hi 

therefore, since P x is on the conic (417), 


m nr 

L + T, + ~h x ~ °' 


Hence 


* 1 =' 


Nk x 


Lh + M ’ 


and we should get similar values for # 2 , Z 3 , Z 4 , in terms of k Zy k 4 , 
respectively. 
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Taking, therefore, one of the anharmonic ratios (Art. 92. (113).) 
of the first pencil, since 


h x - k 


MN 

(Zk x + M) (Zk 2 M) 


(*» - h) 


we get 


etc. = etc., 

Jl x h 9 ' h\ k ij ^2 . il . 

— h'2 k — k$ k* k^ ^*4 


The equality of the other ratios may be shewn in a similar 
manner. We have therefore 


{B.PMPJ = {C.PMPJ, 

and the truth of the proposition is established. 

268. If the centres of the two pencils be made the opposite 
vertices of an inscribed quadrilateral, the proof of the Theorem 
of the last Article will be somewhat simplified. 


Fig. 43. 



Thus; let A, O' be the centres of the two pencils, ABC the 
triangle of reference, and 6 = 0 the equation of the fourth side 
B'B" of the quadrilateral. The conic will be represented (Art. 
208. (F).) by an equation of the form 

ya = &/ 35 . 


(420) 
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Let us assume for the equations of the corresponding rays of the 
two pencils 

P — \y = 0, 

P — hy = o, 

(421) 

P — ky = 0, 

P — hy = o ; 

and 

a — m x b = 0 , 

« — — 0 5 

(422) 

a — = 0, 

a — w 4 § — 0 ; 

then, since they intersect on the conic, we get by substituting for 
a and 0 in (420), 

Yt\\ - — - 

(423) 

etc. = etc. ; 

and the second pencil is represented by the equations 

a — klib = 0 , 

a — 7cl 2 8 = 0 , 

j 

a 7cls$ — 0 , 
a — kl 4 d = 0, 

and is therefore (Art. 93) homographi^ with (421). 



166 TRILINEAR CO-ORDINATES. 

269. Four fixed tangents to a conic are cut by any variable tangent in 
points whose anharmonic ratios are constant . 

Let ABC, the triangle formed by any three of the fixed tan- 
gents, be taken as the triangle of reference. 

Fig. 44. 



The equation of the conic (Art. 187. (0 5 ).) will be of the form 
( La )* + (J//3)* + (ity)* = 0. (424) 

Suppose the equation of the fourth fixed ti.ngent to be 

la + + ny = 0, (425) 

and let 

\a+fip+ V yz= o (426) 

represent any variable tangent meeting the four fixed ones in 
Pnl>2> jPt’Pi- 

The condition of tangency (Art. 212. (295).) gives 
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L M 1SF 

and T + J + V = 0. (428) 

Now the successive rays of the pencil {A • P\P«P$P^ may be 
readily shewn to have for their equations 

0 = 0 , 

{mk — Ifi) 0 + ( nk — lv)y = 0, 
y = 0, 

and /x0 + *> y = 0, respectively. 


Hence (Art. 92. (113).), the ratio 


Pxlh 

Mi 


Pi V\ ___ h 
Pi Pi h 


k '2 ^'1 
V ^ 


*4 

r> 1 

4 L 


nk 


h 


when h — 0, L = — 7-1 

1 J ^ m\ ~ ifi 


= 00 = 



n\ — Zi/ 
wA — Ifx 
v 


/x(wX — lv) 

’ vilriK— Ifi) 


\ lv nkj 


m 


mk 


Mn 
' Nrn 


a constant quantity ; 


the last step following by reason t>f (42T7) and (428), which giire 
by cross-multiplication 

L M __ N 

t 1 <* 1 JL 1_* 

lv nk mk Ip 


ny t mv 



168 


TRILINEAR CO-ORDINATES. 


270. Pascal's Theorem . — The three pairs of opposite sides of a 
hexagon inscribed in a conic intersect in points which lie in the same 
straight line . 

Let AECDBF be any v inscribed hexagon, and let ABC be 
taken as the triangle of reference. 

Fig. 46. 


C 
J) 

The equation of the conic will be (Art. 180. (N).) of the form 

L M N 

T + y + 7 = °- < 429 ) 

Suppose 

(BD). a = 7ij y \ to be the equations of the two 

(CD) , a = lc 2 $ ) sides which intersect in D, 

(CE) . 0 = ha | 

(AE) . 0 = i 4 yj E, 

(AF) . y = Ifi } 

(BF). y = V) F. 

Since D , E, F lie on the conic, we have from (429) 

L ME -j- JSiJci ~ 0, 

Ek% -f* M ~ 0, 

Bk G + MIc 5 + JT =r 0, 

and, therefore, 

1 , h 2 , k\ 

Ic Si 1 , 1c± 

^ 6 ) ^ 5 ; 1 




afc 0. 


(430) 



pascal’s theorem. 1C9 

But the ^condition that the opposite sides should intersect on the 
same straight line, 



la 4 - w /3 4 - ny = 0 (suppose), 

(431) 

is 


1 , k G 






— 0 . 

(432) 



1 , k s 




For the intersection on (431) of 

CE and BF gives l 4 - nil's 4 - nk 6 = 0 ; 

that of AF . . . Cl) . . . lie 2 4 - m 4- nk 5 = 0 ; 

. . . BD . . . AF . . . lh x 4 - mk 4 + n = 0 . 

But the conditions (430) and (432) are identical ; hence the 
theorem is proved a . 


271. Brianchon' s Theorem. — The diagonals which connect the three 
pairs of opposite angles of a hexagon described about a conic meet in 
a point . 

Fig. 46. 

A 



Let the circumscribed triangle ABC be taken as the triangle of 


* This proof of Pascal’s Theorem is given hy Mr. Ferrers in his treatise on 
Trilinea* Co-ordinates. 
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reference; then the equation of the conic (Art. 187. (0 5 ).) will be 
of the form 


(La)* + (If/3)* + (L T y)* = 0. (433) 

Let A X A«, B X B.> , C x C 2 , the other three sides of the hexagon, have 
for their equations 

/]a + m$ + n x y — 0, 

/ 2 a -f- ii 2 y — 0, (434) 

and / 3 a + ni$ + = 0, 

respectively. 


It may be proved by the usual method (e.g see Art. 98) that 
the equations of the three diagonals B^C X) A 2 C 2 , A l B l are, re- 
spectively, 


m* yi i 

» + 7-0 +fr = o- 

L n, 

— a + /3 -f- — y = 0, 

m i 


— a |- $+ y = 0. 

n x n 2 1 


(435) 


Also, since (434) are tangents to the conic (433), we have 


L 

M 


N 

-r + 


+ 

— = 0, 

h 

m x 


n x 

L 

M 


jsr 

-r + 


+ 

— = o, 


m 2 


% 

L 

M 


-T 

Jit 


— 

4- 

— = 0; 

h 

ni z 


% 



brianchon’s theorem. 
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and, therefore, 


or, 


1 

1 

1 

h’ 


»i 

1 


1 

~L’ 

m 2 

n 2 

1 . 

1 

1 

4’ 

mf 


in the foiln 

1 

1 

1 

T 

T’ 

T 

1 

i 

i 

mf 



1 

1 

1 

nfi 

n 2 ’ 

>h 

1, 

m.y 

T' 

n z 

h 

h f 

i, 

w 3 




in 2 

1 


nf 


= 0: 


= 0, 


= o, 


(136) 


which (Art. 55. (60).) is the condition that (435) should meet in 
a point. This proves the theorem. 


272. To find the locus of the centye of m conic which touches three 
given straight lines and passes through the given point (a u p u yi). 

Let the given tangents be taken as the triangle of reference, and 
suppose the equation of the conic to be 

(Za)*+(J//J)* + (Vy)* = 0. 
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The centre (Art. 213. (308).) is given by the equations 


“ _ 0 _ y _ 1 / 

Nb + Me ~ Lc + Na ~ Ma + Lb ~ k ; 

whence, 

Me + m + = 0, 

Lc + Na -J- /3A; = 0, 
and Lb -f- Ma + yk = 0, 


which give 


L M N 


C, b , a 


0 , b, a 


O 

a 1 

0, a, 0 

— 

c, a, Ji 


c, 0, 0 

1 ^ 

© 


J£r* 

O 

| 


b, a, y 


Z — E- - • (437) 

— Cla + bfi 4- Cy) b(da — bl 3 + Cy) c{aa + b(3 — Cy) 


But, since (aj, ft, yj) always lies on the curve, 

(ZaO* + (I#,)* + (iVy,)* = 0 ; (438) 

and, substituting in (438) for L, M f N from (437) and writing 
«, ft y for a, ft y, we get for the equation of the lo^us 

>/ {a cii ( — aa + 5/3 + cy) } + s/ { ^ ft (<&* — bfi + cy) } 

+ s/W («« + ij3 - Cy)} = 0. (439) 

Now, 


— #a + J/3 + Cy = 0, 
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aa — bft *4“ cy = 0, 
and aa + bp — cy = 0, 

represent the sides of the tri&ngle A x E x C x whose vertices are the 
middle points of the sides of the triangle of reference. The re- 
quired locus, therefore, is a conic section which touches the three 
sides of the triangle AyEyVy. 


273. To find the equation of thejpolar reciprocal of the come 

> 

P, y) = Aya- + Eyft 2 + Cyfi -f 2Dyfty + 2 E x ya + 2I<\ aft = 0 , 


with respect to the conic 

4>i{ a ) ft, y) = A 2 d 2 -f- E 2 ft“ + C 2 y 2 -f- 2TX 2 fty -f 2 E 2 ya 4- 2F 2 aft = 0. 


Let (a, j3 r , y) be a point on the reciprocal curve. Its polar with 
regard to </> 2 (a, P,*y) = 0 has for its equation (Art. 134) 



and the condition that it should be a tangent to (j) x (a, p, y) — 0 is, 
therefore (Art. 131. (155).), 



3 


Hence, suppressing the acce its, we have for the equation of th<\ 
polar reciprocal 
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or, to use the notation hitherto ' inployod, 



( 440 ) 


( 441 ) 



EXAMPLES. 


Throughout the following examples, except when tlie contrary is 
stated , ABC is used to denote the triaitgle of reference . 


Find the proportional values (Art. 26) of the co-ordinates of the follow- 
ing points ; ABC being the triangle of reference. 

1. The middle point of the angle-bisector AAo. 

If l be the length of AA 0 , the actual values of the co-ordinates will be 

sin sin ^ sin and their proportional values (b + c, a , a). 

"Zu Jj 2 * 2 2 

2. The middle point of the side-bisector A Ay. 

Tbe actual co-ordinates arc — , — sin C, % sin B. and the point may be repre- 
a 4 4 

sented by i - 
\ao c 

3. The middle point of flic perpendicular A A*. 

Ans. (1, cos C y cos B)> 

4. The point of intersection of the side-bisector BB X with the angle- 
bisector CCq. 

The equations of these lines are, respectively, cy — aa = 0 and a — j8 = 0. 
Hence the actual values of the co-ordinates of their intersection are aa = m 


— cy — and their proportional values ( i, — , — 


\a a c 


5. The intersection of the external bisectors of the angles B and C. 

Ans. (- X, 1, X). 
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II. 

6. Shew that the three perpendiculars drawn to the sides of an equi- 
lateral triangle, from any point within it, are together equal to the altitude 
of the triangle. 

7. Prove that 

A\ sin A + B\ sin B + C\ sin C = 0 ; 

where A\, B\, C\ are the areas of the triangles formed by joining the ver- 
tices of the triangle A^C, to the centres of the inscribed and escribed 
circles. 

8. Shew that the sum of the reciprocals of the distances of Gi (Art. 208) 
from the sides of the triangle of reference is equal to three times the radius 
of the inscribed circle. 

For the notation employed in the following examples the reader is 
referred to Art. 235 and fig. 41. 

9. Prove that 0 9 is the middle point of PzOjr (Art. 257). 

Let a 9 , a 2 , a R be, respectively, the a- co-ordinates of the three given 
points. Then, by Art. 263, 

a R + a 2 = R cos A + 2.K cos B cos C 
— R cos ( B — C) 

~ 2b 0 ; 

and the same is true, by symmetry, for the a - an^ $ - co-ordinates. 

10. Prove that G iP 2 = 2 G x O R (Art. 257). 

11. Shew that = 2 G x O r . 

12. The sides of the triangle of reference being 5, 12, 13 ; construct 
(Art. 15) the line whose equation is 

2a — 3j8 + 4y = 0. 


m. 

Write down, in their symmetrical forms, the equations of the following 
right lines (Arts. 7, 8, 9) : — 
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13. The straight line through A which biscots the ABAC of the triangle 
of reference. 

AAA 

The 0, <p and xf/ of this line are, respectively, — — h C, — , and — ; its 

2i 2 2 


direction-cosines, therefore, (since, by Art. 8 % they are equal to — sin 0, sin <p> 
sin \{/) are 

. (A \ . A . A 

— sin — — f C , sin — , sin—* > 


Also it passes through A ( — , 0, 0 ]. Hence the required equations are 


a _ £ 7 

. , A \ .A . z 

— sin -+C1 sin-— sin — 


11. The straight line through A perpendicular to BC. 


Its By <p and x{/ are, respectively, -, — — C, — — B ; its direction-cosines, 

2 2 2 * 


therefore, are — sin^, sin — c\ sin 




and, since it passes through 


the point ( — , 0, 0 ], its equations are 


_ 0 _ _JY_ ' 

— 1 cos C cos C 

15. The straight line perpendicular to AB through its middle point. 

Its direction-cosines are cos B, cos A, — sin and its equations, therefore, 

2 


c . ^ o . 

a — - sin B # — -sm^l 

Z Z « 


* When the di ection-cosincs o p , a straight line through one of the vertices 
are sought, the signs of the denominators (Art. 8) are best determined by con- 
sidering the segments of some straight line parallel to the given one. 

N 
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16. The straight line through C parallel to AB. 


The direction -cosines are — sin B, sin A, sin 0, and its equations, there- 
fore, are 

2 $ 

. 0 

— sin B sin A 0 

17. The straight line through B at right angles to AB. 



cos B cos A 1 


IV. 


Find, in the homogeneous form, the equations of the following right 
lines : — 

18. The straight line through C parallel to AB. 

The equation must he capable of expression in either of the forms 
a + Jc x fS = 0 (Art. 16) and ( aa + bfi + cy) — k 2 y - 0 (Art. 67) : identifying 
these, we get k a = c, and for the equation required, aa + Ifi = 0. 

19. The sides of the triangle DEF, formed by joining the points in which 
the angle-bisectors meet the opposite sides of the A of reference. 

First method . — The bisectors (Art. 19) are £ — 7 = 0, 7 — a = 0, a — j8 = 0. 
The equation of EF, since it passes through the intersection of 7 — a = ^ and 
£ = 0, must be of the form 7 — a + 7c x $ — 0; also of the form a — j8 + Jc 2 y — 0, 
since it passes through the intersection of a — £ = 0 and 7 = 0. Identifying 
these, we have Jc x = 1, = — 1, and, for the equation of FF 

— a + ) 3 + 7 = 0. 

Similarly, a — 0 + 7 = 0, 

and a +. /8 — 7 = 0, 

are the equations of FE, EE, respectively. 

c econd method. — The co-ordinates of E, T \ F are, respect. vely, proportional 
to (0, 1, 1), (1, 0, 1), (1, 1, 0). Hehce the equations of the joining lines may be 
written down at once from eq. 58. Art. 68. 
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20. The straight line which joins the intersection of 
2aa + bp + cy = 0 and bfr — cy — 0 


with that of 


2 b* + afr + c / = 0 and a& — cy = 0. 

Ans. — — (a — j8) + cy = 0. 
a + o K ' 


21. The straight line through A at right angles to AB. 

First method . — Take any point P on this line, and draw PQ perpendicular 
to CA. Then, from the geometry, 

# — PQ — PA sin PA Q 

— = = — — cos A. 

y PA PA 

Therefore j8 + cos Ay — 0; 

which is the required equation. 


Second method . — Its direction-cosines are 

cos By cos Ay — 1 j 

and it passes through the point A, whose co-ordinates are proportional to 

1 , 0 , 0 ; 

hence, Art. 59. (71) gives for the required equation 


cos Ay - 1 

0 , 0 


a + 


— 1, cos B 

0 , 1 


$ + 


cos By cos A 
1 , 0 



or 0 + cos Ay = 0. 

Third method . — The equation must he of the form £ + Icy = 0, since the 
line passes through A. And, since it is J_ r to y = 0, we have by Art. 7 J, 
k — cos A — O. 


/8 +■ cosily = 0. 


22. The straight line which joins B 2 , C* : the feet of the perpendiculars* 
from b and C upon the opposite sides. 
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The co-ordinates of J9 2 , are proportional to 

CCS Cy 0, COS Ay 

and cos B, cos A y 0 ; 

hence Art. 58 gives for the required equation 

a + 

or, cos Aa — cosJBfi — cos Cy — 0. 


| cos Ay cos C 
0, cos B 


COS Cy 0 

cos JR, cos A 


0, cos A 
cos A, 0 


23. The straight line which joins the middle points of the sides CA> AB. 
Also shew that it is parallel to BC. 

Let the equation be la + m$ + ny — 0: since (Art. 1) it passes through the 

points ' \ sin C, 0, ~ sin a\ and ( sin B, j sin A, o\ we have 

\2 2 j \2 2 ) 

l sin C + n sin A — 0, 

and l sin B + msinA — 0; 

and the required equation is 

— sin Aa + sin B& + sin Cy = 0, 

or — aa + 6j8 + cy — 0. 

S 

Also, since it may be written in the form 2aa — aa + b/3 + cy , or « = - , 

it appears (Art. 67) that the straight line which it represents is parallel to 
BC (a = 0). 

24. The three perpendiculars to the sides at their middle points. Also 
shew that they meet in a point. 

First method. — Let A x be the middle point of BC and 1) the point in which 
ine perpendicular at B meets the second side (CA suppose) of the A. Join BB. 
Then evidently DB — BC = Z(say), and the co-ordinates of B are l sin C, 0, 
l sin (i? — C ). Hence the points A x and B may be represented by 

[0, sin Cy sin J?] 

and [sin (7, 0, sin (B — C)] respectively. » 
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The equation of the is therefore, by Art. 58, 

I sin C, sin B I \ sin B, 0 | I 0, sin C I 

I 0, sin (j B— C) I I sin ( B—C ), sin C | | sin C, 0 I 

or, dividing by sin C, 

sin ( B — C)a + sin Bfi — sin Cy = 0. 

Similarly for the other two perpendiculars we have 

sin (C — A)& + sin Cy — sin Aa — 0, 

•> 

Sin (A — B)y + sin Aa — sin BfS — 0. 

These equations, when multiplied by sin 2 A, sin 2 J5, sin 2 C, respectively, and 
added together, vanish. The lines, therefore, meet in a point (Art. 17). 

Second Method. — The first passes through the point (0, sin C, sin B ), 
and its diiection-cosmes are (— 1, cos C, cos B) : lienee, by Art. 59, we have for 
its equation 

| sin C. sin B I I sini?, 0 1 I 0, sin Cl 

• a + U8 + 7 = 0, 

l cos C, cos B I I cos B i — 1 | I — 1, eos C I 

or, sin (I? — C) a + sin B& — sin Cy — 0. 


V. 


Fu* the notation and method employed in this set of examples, the student 
/> referred to Arts. 26, 58, 203, and to Pig. 11. 

25. Find the equation of the straight line which joins Or and 0 r . 

It passes through (cos A, cos B, cos C) and (1, 1, 1), and its equation is 

(cosi? — cosC)a + (cos C — cobA)f} -hfcosA — cos B)y — 0. 

26. Shew that the equation of the straight line which joins P 2 and 
Or is 

j 

sin 2 A sin ( B — C)a + sin 2 B sin (C — J A)l 3 + sin 2Csin ( A — B)y — 0. - 
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27- Find the equation of 0 9 G\. 


Ans. 


'cos (A — B) 
sin B 


c os(C — A)~ 
sin C 


a + &c. 


= 0 , 


which is easily reduced to the form of the result of the last example; hence it 
appears that Or, G l9 O g and P 2 are collinear (Art. 257). 


28. Find the equation of 0 r 0 9 . 

Ans. [cot(^ - B) — cos((7— A)] a + & c = 0. 


29. Shew that the equation of G y O r is 



30. Find the equation of G x G ahCi and shew that 0„ G x and G„ hc arc 
collinear (Art. 257). 

Ans. The result is the same as that of the last example. 

31. Find the equation of G r G (tbc . 

Ans. a~(b — c) (s — a) a + 6 2 (c — a) (s — b) £ + c 2 (a — b) (s — c)y = 0, 
or, a 2 (cosj? - cosC) a + 5 2 (cos C — cos A) j3 + r 2 (cosA - cosB)y = 0. 

82. Find the equation of the straight line which joins ihe centres of 
the circumscribed and self-conjugate circles. 

Ans. sin 2^4 sin (_B - C)a + sin2Ssin(C~ A)j3 + sin2(7sin(^ - B)y = 0. 

& 3. Shew that the straight line which joins the centre of the inscribed 
circle with that of an escribed circle passes through a vertex of the triangle. 

Ans. The equation of O r O a is fS — y = 0, which is also the, equation of the 
^bisector of the angle at A , 



EXAMPLES. 


18 § 


VL 


31. In any triangle ABC , the internal bisector of one angle and the 
external bisector of the two other angles, meet in a point. 

Their equations are jQ — y = 0, 7 + a = 0, a + /8 = 0, and if the last be sub- 
tracted from the sum of the other two the result is = 0 . Hence (Art. 17), 
the proposition is true. 

35. Find the equation of the line through A which is perpendicular to 

$ - Jcy = 0. 

It must be of the form + Xy = 0 by Art. 16, and the condition of Art. 7 2 

gives 1 — 7c\ — (7c — A) cos A = 0; whence \ — and the required 

equation is 

{Jc — cos A)/3 + (1 — Jc cos. 4)7 = 0. 


36 Find the equation of the straight line through the centre of the 
inscribed circle and perpendicular to AB. 

Its direction -cosines’ are cos 7?, cos A, — 1, and the co-ordinates 

of the centre are proportional to 1 , 1 , 1 . 

The required equation is, therefore, by Art. 59, 

(1 + cosA)a — (1 + cosZ?)j 8 + (cosl? — cos A)y — 0. 


37. Straight lines are drawn through the vertices of ABC, the triangle 
of reference, and cutting the straight lines 


y + - = 0, - + - = 0, - + ^ = 0, 

be c a a 0 


at right angles. Fmd their equations and shew that they meet in a point. 

& y 

First Method . — The direction-cosines of a perpendicular to - + ^ — 0, are, 

0 c 

by Eq. 81 of Art. 70, 

— c cos C — b cos B, 0 — b cos A, b — c cos A ; 
or, — ccosC—bcosB , acosi?, acosC. 
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Also it passes through A (1, 1, 1). Hence Art. 59 gives for its equation 


0 


= 0. 


_7 

a 

— Q 

cos C 

cos A 


a 

0 

= 0, 

cos A 

cos B 


cos B cos C 
And the equations of the other two perpend! ulars, viz. 


and 


may be written down by symmetry. Ihese three equations vanish identically 
when added together. The lines, therefore, meet in a point. 

Second Method . — The equation of a straight line through A must be of the 

/3 *Y 

form £ — Icy = 0, and if it be perpendicular to - + — = 0, we shall have by 
1 1c /I 1c \ 

the condition of Art. 72 — / ) cos A *= 0; whence 


k = 


b ) 

c — b cos A _ a cos B 
b — c cos A a cos C 

£ 7 


, and the equation is 


cos B cos C 


= 0, as before. 


38. Find the equation of the straight line passing through the two 
points defined by the equations 

ha = m A & = % y, 

l 2 a — m 2 & = n 2 y. 


Ans. — m 2 n x )a + m x m 2 ( n x l % — n 2 1 x )fi + n x n 2 (l x m 2 — l 2 m x ) y = 0. 

39. Within a triangle two points are taken. The distance of the first 
from any side is proportional to that side. The distance of the second from 
any side is proportional to the sum of the other two sides. Shew that the 
straight line joining these two points passes through the centre of the 
circle inscribed in the triangle. 

■ ^0. If the straight line la + m& + ny = 0 be perpendicular to a — 0, 
prove that l = m cos C + n cos Jb. 
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41. Prove that perpendiculars drawn to the sides of a triangle from the 
centres of tne escribed circles meet in a point. 

42. If through the vertices of any triangle there be drawn three straight 
lines meeting in a point, the tlnee lines drawn through the same vertices 
and equally inclined to the bisectors of the angles will also meet in 
a point. 

43. Two straight lines are drawn from the vertex A ; one through the 
middle point of BB\ (one of the bisectors of sides), the other parallel to 
BBi. Find their equations and shew that they are Harmonic conjugates 
with respect to the sides AB , AC. 

The equation of BB X (Art. 22 ) is cy — aa = 0. Hence the equation of the 
parallel through A (1, 0 , 0) is bfr 4 2 cy — 0. The middle point of BB X is 

^-sin C t p ^-sin^, or Therefore the equation of the first line 

(Art. 58) is bfi — 2 cy — 0 : and the condition of Art. 95 is satisfied. 


14. Two triangles ABC, XYZ ', have their sides parallel; viz. YZ to BC, 
etc. . . . : shew that AX, BY, CZ meet in a point. 


Let the equations of the sides of XYZ be a — 7c x = 0, /S — = 0 , 7 — & 3 = 0 

respectively (Art. 67). The equation of AX must be of the form /3 — \y = 0, 
and also of the form $ — 7c 2 — /x(y — & 3 ) = 0. Identifying these we get (x = A 


= -s - ; and the equation becomes 
^3 



Similarly, we get 



= 0 


and 



for the equations of BY, CZ, respectively, and these three equations when 
added together vanish identically. 


45. Two triangles ABC, XYZ, are homologous , i.e. are such that iVir 
' <$rresoonding sides intersect on the same straight line (called the axis of 
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homology) ; shew that the straight lines which join corresponding vertices 
meet in a point. 

Let la + wzj8 + ny — 0 

represent the axis of homology. We may ? .sume 
\a + + ny = 0, 

la + juj8 + ny = 0, 
la + mfr + vy — 0, 

for the equations of YZ , ZX and XY, respectively ; and the equations of 
AX, j BY, CZ will be, respectively, 

(m — ju)j3 — (n — v)y — 0, 

(«- — v)y — (/ — A)a = 0, 

(l — A) a — (m — = 0 ; 

and these when added together vanish identically. 

The student will observe that the last example is a particular case of the 
present, the line at infinity being in that case the axis of homology. The 
centre of homology in Ex. 44 is given by the equations 

a _ £ _ 7 _ 

k\ fa aki + bh 1 + ckz 9 

in this example by the equations 

(/ — A )a = (7)1 — ju)j 3 = (n — v)y. 

46. Erom the angles A, B, C of a triangle, straight lines are drawn, 
through a point 0 , to meet the opposite sides in E, F, G , respectively. 
FG, GE ’ EF are produced to meet BC, CA,AB , respectively, in F, Q, 11. 
Prove that P , Q , R lie in one line. , 

Taking ABC for the A of reference and assuming (a 0 , /8 0 > 7 0 ) for the 
co-ordinates of 0, we shall have 


a <> 


$ __ 7_ 2L_ — a 

&o To To a o 
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for the equations of the three lines through the vertices, and it will be easily 
shewn that T, Q, R lie on the right line whose equation is 


a 

— + 


a o 


Po 


+ 


7 0 


0 . 


\ 

47. If three straight lines, drawn through the vertices of a triangle, meet 
in a point, their respective parallels, drawn through the middle points of 
the opposite sides, also meet m a point. 


48. A triangle LMN is formed by drawing, through each vertex of the 
triangle of reference, a straight line t which nfakcs an angle 0 with the 
bisector of the angle at that vertex. Find the equations of the sides. 

The direction-cosines of the bisector of the /_ A are 



hence, by Art. 32, those of MN are 



Therefore the equation of MN is, by Art. 59, since the co-ordinates of A are 
proportional to 1, 0, 0, J 


sin [ e + — )j8 + sin 0 — y = 0. 


Similarly, 


and 


sin ( 6 + ~ W + sin ( 0 _ 1L ] a = 0, 


sin ^ 6 + + sin ^ 0 = 0, 


are the equations of the sides NL , LM. 


49. Equilateral triangles a~e described on the sides of the triangle ABC, 
and their vertices Joined to the 03 posite sides of the triangle. Find t l Ae 
equations of the joining lines and shew thafrthey meet in a point. 
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The co-ordinates of the vertex of the A described on JBC are proportional to 
sin sin sin + 2?^, therefore, by Art. 58, the equation of the 

straight line which joins this vertex to A (1, 0, 0) is 


+ B ) 0 - sin ( - + C 


Similarly, 


^7 = 0 . 

I + C) 7 -Bin^ + A'ja = 0, 
in + A\a — sin ^ + Jl'j 3 = 0, 


are the equations of the other two lines. The three, therefore, meet in 
a point 


sinj - + A ]a = sin ( - + B ]/J *= sin 


+ C 


m 


50. Through the vertex A of the triangle ABC pairs of lines are drawn 
equally inclined to the sides AB,AC\ shew that they form a pencil in 
involution of which the internal and external bisectors of the angle A aie 
the double lines. 

Such a pair of lines may be represented by equations of the form 
£ - = 0, A^/3 - 7 -= 0; 

these may also be written in the form 

(0 + 7 ) + - rzTjc (£ — 7 ) = 0 , 

(« + 7) - T^| 0 - 7) = 0. 

Hence (Art. 95), they are harmonic conjugates with respect to the two bisectors, 
and the rest follows from Art. 121. 

51. The equation of a conic being &y - ka? = 0 ; prc:e that if the point 
($y) be joined to the points where any tangent meets the curve and the 
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line a — 0 , the joining lines form with the lines j 8 = 0 , 7 = 0 a harmonic 
pencil. 

Sec Art. 210. (P). 

52. Chords drawn to a conic V. rough a fixed point 0 without the curve 

meet the curve in the points Pi, Qi ; P 2 , ; Ps, §3 ; etc. . . Shew that the 

pencil formed by joining these points to the point of contact of one of the 
tangents that may be drawn through 0 forms a system in involution of 
which that tangent and the polar of 0 are the double lines. 

(See Art. 225.) 

f » 

53. Find the locus of the pole oft fixed right line with respect to the 
system of conics represented by LM = kR 2 . 


54. Shew that any pair of conjugate diameters of a hyperbola are har- 
monic conjugates with respect to the asymptotes of the curve. 

Let the equation of the hyperbola (Art. 205) be £7 = F 2 , and let 

g - = fl-do = y-y 0 = r 

A /i v 

be the equations of a chord. The diameter parallel to this is evidently 

j8 y {$ y 

• - — — , °r — — -- = 0. Putting £ — £ 0 + fxr, y — y 0 + vr in the equation 
of the curve, we get 


+ (fr 0 v + y 0 n)r + P 0 y 0 - k? = 0. 
Hence, for the locus of middle points we get 
ftv + y/x = 0 ; 


and 


£ + 1 = 0 

u V 


is the equation of the conjugate diameter. This (Art. 95) proves the pro- 
position. 

55. The bisectors of the angles of the triangle ABC meet the conic 

A + ^ + ^ = o 

a $ y 

in the points D, E, F; find the equations of BD } CD , DE. 
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A M+ N 

Aus. y + — — a = 0, 

Jb 


M + N 


- a + j8 = 0, 


(il£ + N)a + (N -f Z)£ — ny = 0. 

56. A conic is described touching the sides of the triangle ABC in 
1), E, F; if F, Q, R are the points in which Uie straight lines AD, BE ', CF, 
respectively, meet the conic, shew that BR and CQ intersect on AD, CP 
and AR oil BE , and AQ and BF on CF. 

• Vide Art. 187 et sqq. 

57. Find the condition that the equation 

Lfiy + Mya + Nctfi = 0 

may represent a rectangular hyperbola, and hence prove that every rectan- 
gular hyperbola described about a given triangle passes through the point 
of intersection of the peipendiculars from the veil ices of the triangle upon 
the opposite sides. 

Ans. The condition required is 

ZcosA + McosB + AT cos C — 0 ; 

and the co-ordinates of the point P 3 (Art. 263) evidently satisfy the equation 
of the conic. 

58. Find the equation of the conic which touches the sides of the triangle 
of reference ABC at their middle points. 

Ans. ( aa + (1$)* + (cy)* = 0. 

50. Shew that the equation of the fourth common tangent to the in- 
scribed circle of the triangle ABC and that escribed on BC is 

A B — C 

cos a + sin — q-A (# — y) = 0. 


60. A conic is inscribed in a triangle ABC, the vertices of which are 
joined to a given point O by straight lines AO, BO, CO cutting the opposite 
sides in a, b, c, respectively : find the equations of the tangents (other than 
the sides of the triangle) which can be drawn to the conic from the points 
a, b, c. 
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Ans. If ( n La)^ + (M0)^ + (Ny)* = 0 be the equation of the conic, the 
equation of the second tangent from a will be 

Lrnna + (Nm — Mn) mfi + ( Mot — Nm)ny — 0. 

61. Find the equation of the\llipse which touches the sides of the 
triangle of reference where they are met by the bisectors of the opposite 
angles. 

Comparing eqq. 238 (Art. 187) with the equations of Art. 19 we find, 
L = M = N; the required equation, therefore, is 

y/a 4 - y / + y/y = 0 . 

62. If three conics have a common chord, the other three common 
chords meet in a point. 

Let S — tu = 0, S — tv = 0, S — tw — 0 (Art. 169) represent the three 
conies ; t — 0 being their common chord. The equations of their other three 
chords of intei section are v — w = 0, w — u — 0, u — v = 0j and the straight 
lines represented by these equations evidently meet in a point. 

63 The asymptotes of a hyperbola are tangents to an ellipse ; shew 
that the chords which join the points of intersection of the two curves are 
parallel. 

Take the asymptotes of the hypeibola and the chord of contact of the ellipse 
for the sides of the triangle of reference. Then (Art. 208) the equations of the 
two curves will be of the forms 


fiy — l 2 a 2 , fiy — on 2 . 


The equation l r ? — m 2 — 0, therefore represents chords of intersection, and 
from its form it appears (Art. 67) that these chords aro parallel to one another 
and to the chord of contact a = 0. 

61. If the angle A of the triangle of reference be a right angle, the 
equation 

) 8 2 + 7 2 = k 2 a 2 

represents a conic which has a = 0 for its directrix and A for its focus. 

For j8 2 + 7 2 represents the square of the distance of any point on the lov,us 
from A, and the equation expresses that the distance of any point on the locus 
from A is in a constant ratio to its distance from BC. 
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65. The tangents at the extremities of any focal chord meet in the 
corresponding directrix. 

Assume the equation of the conic in the form given in the last example, 
taking the given focal chord for one side (7 = 0, say) of the triangle of 
reference. It appears as in Art. 195 that 

7 -f ha — 0, 7 — ha = 0 

are tangents at the extremities of this chord, and the form of their equations 
shews that they intersect on a = 0. 


60. Find the locus of the pole of •'lie line 


la + mi 3 + — 0 

with respect to a conic which passes through the four fixed points 

Ana. M , C A = 0. 

a & 7 

67. Find the locus of the centre of a conic which passes through the 
same four points. 


Ans. ^ 


+ w 

p 


= 0. 


68. Find the locus of the pole of the straight line 


la + mP + ny — 0 


with respect to a conic passing through three points and touching the 
fixed line 

Ja + Bp + Cy = 0. 


Ans. *y^A(in P + ny — 7 a) a j + B(ny + la — m0)i 8| 

+ >/{C(7a + mP — ^ 7 ) 7 } = 0. 

69. Obtain the equation of the chord which joins the two points 
\a u #i> 7 i)j (a 2 , P* 72 ) on the conic Py — ka = 0 in the form 




EXAMPLES. 


193 


70. If a quadrilateral be inscribed in a circle, tlie product of the per- 
pendicular distances of any point on the circumference from two opposile 
sides will be equal to the product of its perpendicular distances from the 
other two sides. 

Let ya = fcf3(la 4- m/3 4- ny) 

[Art. 208. (v).] be the equation of a conic circumscribed about a quadrilateral 
whose sides are a — 0, j3 = 0, y = 0, and la + 4- ny — 0. 

If it be a circle, we shall have (Art. 1 19) 

c(mc — nb) — —— = a(ma — lb) 


or me — nb 1 bl — nta b(an — cl) 

a 1c — c c~ — a 2 

. 1 _ a(an — cl) (bl — am) 4- b(bl — am) (cm — bn) + c(cm — bn) (an — cl) 

k 2 ca . 0 , ca 

~ -7- (cr — a-) — abc 4- (e~ — or) 

b b 


= l 2 4- m 2 + n 2 — 2 mn cos A — 2 In cos B — 2 Im cos C : 


and _ = | l y m, n 




Hence the equation of the circumscribed circle is ya = 
and (Art. 47) the proposition is proved. 


(la + m / 8 + ny)f}, 
{l, m, nj 


71. It three conics hav r c each double contact with a fourth, their six 
chords of intersection will pass, three by three, through the same points. 

We may assume the equations of the three conics to be S — u? — 0, 
S — v 2 = 0, S — w 2 = 0 (Art. 169). Their chords of intersection will be repre- 
sented by the equations 

v 2 — w 2 = 0 , w 2 — u 2 — 0 , n 2 — v 2 — 0 . 

Thus we have four groups of three equations each representing chords which 
meet in a point : viz. — 

v 4- w — 0 , w — u — 0, u 4- v = 0 , 

v — w = 0, w 4- u = 0, u 4- v =■ 0, 


o 
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v + w — 0 , tv + u = 0 , u — v = 0 , 

V — W = 0, ID — U = 0, u — 1 7 = 0. 

The student will observe that the above theorem includes that of Brianchon, 
of which an independent proof was given in Art. 271. 

72. In any triangle the bisector of any angle and the straight line which 
is peipendicular to the opposite side at its middle point, intersect on the 
circumference of the circumscribing circle. 

For the point of intersection of a — $ = 0 and sir lAa — sinJB /8 + sin(^t — B ) 7 
= 0 , is given by the equations 

z\r\(A — B) 

a = 3 = — 7 — - — 

sin A — sin B 

whence we may easily shew that 

sin A sin 2? sin C 

+ — — - + = 0 . 

« £ 7 

73. Shew that if the tangents to a circumscribed ellipse at the vertices 
of the triangle of reference are parallel to the opposite sides the equation 
of the conic is 

07 + 22 . + = 0 . 

a b c 

71. The two pairs of tangents at the extremities of the diagonals of 
a quadrilateral inscribed in a conic, and the pairs of opposite sides intersect 
on the same straight line. 

This Theorem is easily deduced from that of Pascal which was proved in 
Art. 270. 

75. Shew that if a conic cut two sides of a triangle in points equidistant 
from their middle points it will cut the third side in the rame way. 

Let the sides B C, CA of toe trial gle of reference be cut in this manner ; 
then if <p(a,&,y) = 0 be the equation of the conic, (a 0 , £ 0 , 7 0 ) the middle point 
of BC t and A, p, v the direction-cosines of that side, we shall have by equation 
( 8 ) of Art. 13, since the roots are equal and of opp :>site sign 
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which, sincq the value of o 0 , £ 0 , y 0 are 0, sin C f - sin B , and those of A, /u, y 

* 2 

are 0, — sin C, sin i?, gives 

( B sin C + D sin B) sin C — (D sin Cj + C sin B) sin B — 0 j 


that is, 


B _ C 
sin 2 B sin 2 C 


Similarly, since CA is cut in the same way, we have 


These give also 


C A 

sin 2 C sin 2 A 

A 1 5_ 

sin 2 A sin 2 B 


but this is the condition that the middle point of the side AB should be the 
bisection of the intercept on that side. 

7(5. If -A. + ?!!± + — = 0 and — + + — = 0 be the equations 

a & y a I Q y M 

of two conics described about the triangle of reference, find the equations 
of the several lines joining the centre of the inscribed circle with the four 
points of intersection of the two conics. 


77. With the angular points of a triangle ABC as centres, and the sides 
as asymptotes, three hyperbolas are described, having P, Q, R for their 
respective vertices ; prove that if 

AP sin ~ = BQ sin ™ = CR sin 

2 2 a 

the intersection of each pair of hyperbolas lies on the axis of the third. 

The given condition may evidently be otated otherwise; thus, — the perpen- 
dicular distance of the vertex of each hyperbola from its asymptotes is the 
same. 

If we assume for the equations of the three curves @y = P, y a — m 2 y 
afi = n 2 , so that tneir axes are $ “ 7 = 0 , 7 — a = 0 , a — j 8 = 0 ; the abovo, 
condition gives l = m = n. 
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The three equations are, therefore, 


07 - P, 


ya — P, 

«0 = P; 

and, since the first may be written in the form 

ya •— l 2 — (a — 0) y = 0 

it is clear that it passes through the intersection of the second with the axis 
of the third. 


78. Find the polar reciprocal of the conic 

I?d? + >/ 2 /3 2 + N-y 2 — 0 
with respect to the conic 

Pa? + m?f& + 7py 2 = 0. 


Ans. 


I 4 a 2 m 4 @' 2 n l y 2 _ 

~1 7 ~ 'W + ~W ~ ' 


79. Find the polar reciprocal of the conic 


Aa? + Btf 2 + Cy 2 + 2Z)07 + 2 Eya + 2 Fa& = 0 


with r spect to the conic 

a 2 + £ 2 + 7 2 — 0. 


Ans. 


0, a, (3, y 

a. Ay Fy F 
^ Fy By D 
y, Fy Fy C 


80. An equilateral hyperbola is described with regard to which a given 
triangle is self-conjugate. Shew that the curve passes through the centres 
oi the inscribed and escribed circles of the triangle. 


The co-ordinates of the four centres (Art. 263) will satisfy the equation 


La? + M(3? + Ny 2 — 0 


provided that 


L + M + N = 0; 
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but this (Art. 150) is the conditii n that the curve should be a rectangular 
hyperbola. 

81. Three circles mutually touching each other are described about the 
vertices of the triangle of rcfc&nce. Shew that the three straight lines 
which join the centre of one circle to the point of contact of the other two 
meet in a point. 

t 

Let x, y , z be the radii of the circles described about A , B, C, respectively. 
The point of contact of the circles about B and Cis (0, z sin C, ^sinl?), and 
the equations of the three lines are 

^sin Bfi — z sin Cy = 0, 

z sin Cy — x sin Aa = 0, 

x sin Aa — y sin B \ 8 = 0 ; 

which vanish identically when added together. 


82. Supposing that a, /3, y are the perpendiculars from any point m the 
plane of the triangle ABC upon the straight lines which join its vertices to 
the centre of the inscribed circle, prove that 


a cos 


2 


B C 

+ 0 cos -g- + y cos -g- = 


0 . 


83. Shew that the radius of the nine-point circle of any triangle is one- 
half that of thr circumscribed circle. 


84. The circle which passes through the extremities of any side of 
a triangle and through the centre of the inscribed circle, passes also 
through the centre of the circle escribed on that side ; and its centre lies 
on the circumference of the circumscrioed circle. 

85. In any triangle the centres Ob, 0 C , and the vertices B, C lie on the 
circumference o* the same circle ; and the centre of this circle lies on the 
circumference of the circumscribed circle. 
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86. If x , y, z be the distances of the centre of the nine-point circle from 
the vertices of the triangle of reference, its distance from the intersection 
of perpendiculars from the vertices, and R the radius of the circumscribed 
circle, shew that 

sr + r + z = 2 lv ~ “ 


THE END. 


^rmteb bjr gjcssrs. |)arlur, Mrmmtrlut, <$*forO 
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Hickes’s Two Treatises on the Christian Priesthood. 

& vols., 8vo., 158. 

Johnson’s (John) Theological Works. 2 vols., 8vo., los. 

English Canons. 2 vols., las. 

Laud’s (Abp.) Complete Works. 7 vols., (9 Parts,) 8vo., 

£2 17s. 

L’Estrange’s Alliance of Divine Offices. 8vo., 6s. 
Marshall’s Penitential Discipline. 8vo.. 4s. 
Nicholson’s (Bp.) Exposition of the Catechism. (This 

volume cannot be bold separate from rhe complete set.) 

Overall’s (Bp.) Convocation-book of 1606. 8vo., 5 s. 
Pearson’s (Bp.) Vindici® Epistolarum S. Ignatii. 

2 vols., 8vo., 170s. 

Thorndike’s (Herbert) Theological Works Complete. 

6 vols., (10 Parts,) i>vo., £2 10s. 

Wilson’s (Bp.) Wsrks Complete, with Life, by Rev. 

J. Kbbjb. 7 vols., (8 Parts,) 8vo., £& 3s. 

*** The 81 Vole, in 88, /or £15 15s. net. 
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PARISH WORK. 


The Catechist’s Manual ; 

By Edw. M. Holmes, Rector of Marsh Gibbon, Bicester. With, 
an Introduction by the late Samuel Wilbebeorce, Lord 
Bishop op Winchester. 6th Thousand. Cr. 8vo., limp cl., 6s. 

The Confirmation Class-book: 

Notes for Lessons, with Appendix, containing Questions and 
Summaries for the Use of the Candidates. By Edward 
M. Holmes, LL.B., Author of the “ Catechist’s Manual.” 
Fcap. 8vo., limp clcoh, 2s. 6d. 

The Questions, separate, 4 sets, in wrapper, Is. 

The Summaries, separate, 4 sets, in wrapper. Is. 

Catechetical Lessons on the Book of Common Prayer. 

Illustrating the Prayer-book, from its Title-page to the end of 
the Collects, Epistles, and Gospels. Designed to aid the 
Clergy in Public Catechising. By the Rev. Dr. Francis 
Hesse y, Incumbent of St. Barnabas, Kensington. Fcap. 8vo., 
cloth, 6s. 

The Church's Work in our Large Towns. 

By George Huntington, M.A., Rector of Tenby, and Domes- 
tic Chaplain of the Rt. Hon. the Earl of Crawford and Bal- 
carres. Second Edit., revised and enlarged. Cr 8vo., cl. 3s. 6d. 

Notes of Seven Years’ Work in a Country Parish. 

By R. F. Wilson, M.A., Prebendary of Snrum, and Examining 
Chaplain to the Bishop of Salisbury. Fcap. 8vo., cloth, 4s. 

A Manual of Pastoral Visitation, 

Intended for the Use of the Clergy in their Visitation of the 
Sick and Afflicted. By A Parish Priest. Dedicated by 
permission, to His Grace the Archbishop Dublin. Second 
Edition, Crown 8vo.^ limp cloth, 3s. 6d. ; roan, 4s. 

The Cure of Souls. 

By the Rev. G. Arden, M.A., Rector of Winterborne-Came, and 
Author of “ Breviates from Holy Scripture/’ &c. Fcap. 
8vo., cloth, 2s. 6d. 

Questions on the Collects, Epistles, and Jospels, 

Throughout the Year. Edited by the Rev. T. L. Claughton, 
Vicar of Kidderminster. F6r the Use of Teachers m Sunday 
Schools. Fifth Edition, 18rao., cl. In two Parts, each 2s. 6d. 

Pleas for the Faith. 

Especially designed for the use of Missionaries at Home and 
Abroad. By the Rev. W. Somerville Lach Szy'ima, M.A. 
St. Augustine’s College, Canterbury. Fcap. 8vo., cl., 2s. 6d. 
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DAILY STEPS TOWARDS HEAVER ; 

Or, Practical Thoughts on the Gospel Histort, and espe- 
cially on the Life and Teaching of our Lord Jesus Christ, for 
Every Day in the Year. Fiftieth Thousand. 32mo., roan, 
gilt edges, 2s. 6d. ; morocco, 5s. 

LARGE-TYPE EDITION. Crown 8vo., cloth antique, 5s. 

THE hours: 

Being Prayers for the Third, Sixth, and Ninth Honrs ; with 
a Preface and Heads of Devotion fo^r the Day. By the 
Author of “Daily Steps Towards Heaven. Seventh Edition. 
32mo., Is. , 

ANNUS DOMINI. 

A Prayer for each Day of the Year, founded on a Text of Holy 
Scripture. By Christina G. Rossetti. 32mo., cloth, 3s. 6d. 

MEDITATIONS FOR THE FORTY DAYS 
OF LENT. 

By the Author of “ Charles Lowder.” With a Prefatory Notice 
by the Archbishop op Dublin. 18mo., cloth, 2s. 6d. 

PRIVATE PRAYERS FOR A WEEK. 

Compiled by William Bright, D.D , Canon of Christ Church, 
Oxford. 96 pp. Fcap. 8vo., limp cloth, ls.6d. 

PRAYERS FOR USE IN COLLEGE. 

Collected and arranged by a College Chaplain. 21mo., 
limp cloth. Is. 

OF THE IMITATION OF CHRIST. 

Four Books. By Thomas a Kempjs. Small 4to., printed on 
thick toned paper, with red border-lines, mediaeval title-pages, 
ornamental initials, &c. Cloth, 12s. 

PRAYERS FOR MARRIED PERSONS. 

From Various Sources, chiefly from the Ancient Liturgies. Se- 
lected and Edited by Charles Ward, M.A., Rector of 
Maulden. Third Edition, Revised. 24mo., cloth, 4s. 6d. ; 
Cheap Edition, 2s 6d. 

FOR THE LORD’S SUPPER. 

Devotions before and after Holt Communion. With 
Preface by J. Keble. Sixth Edition. 32mo., cloth, 2s. 

With the Office,' cloth, 2s. 6d. 

Officium Eucharisticum. By Edward Lake, D.D. New 
Edition. 32mo. t cloth. Is. 6d. 

A Short and Plai_; Instruction tor the better Under- 
stands© of the Lord’s Supper. By Bishop Wilson. 
32mo., 2s., 8d., and 6cL; 24mo., Is. 



IS 


SCRIPTURE COMMENTARIES, $c. 


Catena Aurea. 

A Commentary on the Four Gospels, collected out of the Works 
of the Fathers by S. Thomas Aquinas. Uniform with the 
Library of tbe Fathers, A Re-issue, complete in 6 vols., 
cloth, £2 2s. 

r 

A Plain Commentary on the Four Holy 
Gospels, 

Intended chiefly for Devotional Reading. By the Very Rev. 
J. W. Burgon, B.D., Dean of Chichester. New Edition. 
4 vols., F-cap. 8vo., limp cloth, £1 Is. 

The Last Twelve Verses of the Gospel 
according to S. Mark 

Vindicated against Recent Critical Objectors and Established, 
by the Very Rev. J. W. Buegon, B.D., Dean of Chichester. 
With Facsimiles of Codex N and Codex L. 8vo., cloth, 6s. 

The Gospels from a Rabbinical Point 
of View, 

Shewing the perfect Harmony of the Four Evangelists on the 
subject of our Lord’s Last Supper, and the Bearing of the 
Laws and Customs of the Jews at the time of our Lord’s 
coming on the Language of the Gospels. By the Rev. G. 
WiiiDON Pieritz, M.A. Crown 8vo., limp cloth, 3s. 

Christianity as Taught by S. Paul. 

By William J* Irons, D.D., of Queen's College* Oxford; Pre- 
bendary of S. Paul’s; being the BAMPTON LECTURES for 
the Year 1870, with an Appendix of the Continuous Sensb 
of S. Paul’s Epistles; with Notes and Metalegomera, &vo., 
with Map, Second Edition, with New Preface, cloth, 9s. 

S. Paul’s Epistles to the Ephesians and 
Philippians. 

A Practical and Exegptical Commentary. Edited by the late 
Rev. Henry Newlaetd. 8vo., cloth, 7s. 6d. 

The Explanation of the Apocalypse. 

By Venerable Bed a, Translated by the Rev. Edw. Marshall, 
M.A., F.S.A., formerly Fellow of Corpus Christ 5 College, 
Oxford. 180 pp. Fcap. 8yo., cloth, 3s. 6d. 
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THE AUTHORIZED EDITIONS OF 


THE CHRISTIAN YEAR, 

With the Author’s latest Corrections and Additions. 


NOTICE.— Messrs. Paekke are the sole Publishers of the Editions of the 
“ Christian Year” issued with the sanction and under the direction of 
the Author’s representatives; All Editions without their impnnt are 
unauthorized. 


Small 4to. Edition, i. d. 

Handsomely printed on toned 
paper, with red border lines 
and initial letters. Cl. extra 10 6 

Demy 8v&. Edition. 

Cloth 6 0 

Foolscap 8vo. Edition. 

Cloth 3 6 

24mo. Edition. 

With red lines, cloth . , 2 6 


32mo. Edition. s, d. 

Cloth, limp ...10 

Cloth boards, jilt edges • 16 

48mo. Edition, 

Cloth, limp . ..06 

Roan .... I 6 

Facsimile op the 1st Edi- 
tion, with a list of the 
variations from the Origi- 
nal Text which the Author 
made in later Editions. 

2 vols., 12mo., boards . 7 6 


The above Editions { except the Facsimile of th 9 First Edition ) are kept 
in a variety of bindings, the chief of which are Morocco plain , Morocco 
Antique , Calf Antique, and Vellum . 

By the same Author . 

LYRA. INNOCENTIUM. Thoughts in Yerse on 
Christian Children. Thirteenth Edition . Fcap. 8vo., cl., 5s. 
48mo. edition, limp cloth, 6d. ; cloth boards, Is. 

MISCELLANEOUS POEMS BY THE REY. JOHN 
KEBLE, M.A., Vicar of Himdey. Third Edition . Fcap., 
doth, 6s. 

THE PSALTER, OR PSALMS OF DAYID : In 

Englii-h Verse. Fourth Edition . Fcap., cloth, 6s. 

The above may also be had in various bindings. 


By the late Rev. ISAAC WILLIAMS. 

THE CATHEDRAL; or. The Catholic and Apostolic Church 
in England. 32mo., cloth. 2s. 6d. 

THE BAPTISTERY ; or, The Way of Eternal Life, with Plates 
by Boetius a Bolswert. Fcap. 8vo., cloth, 7s. 6df j 32u>o. ( 
cloth, 2s. dd. 

HYMNS translated from the PARISIAN BREVIARY. 32mo.« 
cloth, 2s. 6d. 

THE CHRISTIAN SCHOLAR. Fcap. 8vo., cl., 5s.; 32mo., 
cloth, 2«. 6d. 

THOUGHTS IN P>ST YEARS. S2mo., cloth, 2s. 6d. 

THE SEVEN DAYS; or. The Old and New Creation. Fcap, 
8 vo.. oloih, 3 r. 6(1.’ 
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SERMONS. 


The Archbishop of Canterbury. 

Sin gleheart. By Dr. Edward White Benson, Archbishop 
of Canterbury, late Bishop of Truro, &c. Advent Sermons, 
1876, preached in Lincoln Cathedral. Second Edition. 
Crown 8vo., cloth, 2s. 6d. 

The late Bishop Wjlberforce. 

Sermons preached before the University of Oxford; Second 
Series, from 1847 to 1862. By the late Samuel Wilber- 
force, Lord Bishop op Winchester. 8vo., cloth, 10s. 6d. 

Third Series, from 1£63 to 1870. 8vo., cloth, 7s. 6d. 

Sermons preached on Various Occasions. With a Preface by 
the Lord Bishop of Ely. 8vo., cloth, 7s. 6d. 

The Bishop of Newcastle. 

The Awaking Soul. As sketched in the 130th Psalm. Ad- 
dresses delivered at St. Peter’s, E »ton*square, on the Tues- 
days in Lent, 1877, by E. R. Wilberforce, M.A. [the Rt. 
Rev. the Lord Bishop of Newcastle]. Crown 8vo., limp 
cloth, 2s. 6d. 

The Lord Bishop of Salisbury. 

Sermons on the Beatitudes, with others mostly preached 
before the University of Oxford ; to which is added a Preface 
relating to the volume of “ Essays and Reviews.” New 
Edition. Crown 8vo., cloth, 7s. 6d. 

The Bishop of Barbados. 

Sermons Preached on Special Occasions. By John Mitch- 
inson, D.D., late Bishop of Barbados. Crown 8vo., cloth, 5s. 

The Rev. Canon Wordsworth. 

University Sermons on Gospel Subjects. By JoHi« 
Wordsworth, M.A., Canon of Rochester, leap. 8vo., cloth, 
2s. 6d. 

Very Rev. the Dean of Chichester. 

Shobt Sebmons pob Family Reading, following the Course 
of the* Christian Seasons. By the Very Rev. J. W. Burgon, 
B.D., Dean of Chichester. First Series. 2 vols., Fcap. 8vo., 
cloth, 8s. v. < x 

- — - Second Series. 2 vols., Fcap. 8vo., cloth, 8s. 

Rev. J. Keble. 

Sermons, Occasional and Parochial. By the late Rev. 
John Keble, M.A., Vicar of Hurdcy. 8vo^ dot£> 12s. 
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Characteristics, of Christian 
Morality. 

THE BAMPTON LECTURES FOR 1873. By the Rev. I. 
Gregory Smith, M.A., late Fellow of Brasenose College; 
Vicar of Malvern. Second Edition, Crown 8vo., cloth, 3s. 6d. 

Rev. E. Monro. 

Illustrations op Faich. Eight Plain Sermons. Fcap., 2s. 6d. 

Plain Sermons on the Book of Common Prayer. Fcap., 5s. 

Historical and Practical Sermons on the Sufferings and Resur* 
rection of our Lord. 2 vols., Fcap. 8voj ctoth, 10s. 

Sermons on New Testament Characters. Fcap. 8vo., 4s. 

Lenten Sermons at Oxford. 

Re-issue of the Series of Sermons preached at St. Mary’s, &c. 
Uniform, Demy 8vo., cloth, at 6s. each Volume. 

Hor 1857, 1858, 1859, 1860, 1863, 1865, 1866, 1867, 1868, 
,1869, 1870-1. 

Rev. W. E. Short. 

Christ’s Soldiers. Sermons preached at the Gariison Church, 
Woolwich. By the Rev. W. F. Short, M.A., Fellow of New 
College. Post 8vo., cloth, 5s. 

Allegorical Sermons. 

Twenty Short Allegorical Sermons. By B. W. K. Pearse, 
M.A , and W. A. Gray, M.A. Sixth Edition. Fcap. 8vo., 
sewed. Is. 

Rt. Rev. J. Armstrong, D.D. 

Parochial Sermons. • By the late Lord Bishop of Grahams- 
tgwn. Fifth Edition. Fcap. 8vo„ cloth, 5s. 

Sermons on the Fasts and Festivals. Third Edition. Fcap. 
8vo., cloth, 5s. 

> 

Sermons for the Christian Seasons. 

First Series. Edited by John Armstrong, D.D., late Bishop 
of Grahamstown. 4 vols., Fcap. 8vo., cloth, 10s. 

" j Second Series. Edited 

by the Rfv. JOHN Barrow, D.D., late Principal of St. Edmund 
IJall, Oxford. 4 vols., Fcap. 8vo„ cloth, 10s. 

< > J 

The late Dean Stanley. 

Sermons and Essays on the Apostolical Agb. By the 
late Very Rev. Arthur Penrhyn Stanley, D.D. Third 
Edition, revised. Crown 8vo., cloth, 7s. 6<L 
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MISOELLANEO US. 


CHEAPER ISSUE OF TALES FOR YOUNG MEN 
AND WOMEN. 


In Six Half-croWn Vafs.j in handsome and attractive cloth 
bindings, r sui table JoF School Prizes and Presents. 


Vol. I. contains Mother apd^Son, Wanted a Wife, and Hobson’s 
ChoicS, by the Rev. F. E. Pag et} 

, Vol. II. Wyndecote Hall, Squitch, Tenants at Tinkers’ End, 
By the Rev. F. E. Paget. 

* Vol. III. Two Cottages, The Sisters, and Old Jarvis’s Will, 
%y the Rev. W. E. H^ygate. 

Vol. IV. James Bright the Shopman, The Politician, Irre- 
vocable, by the Rev. W. E. Heyqate. 

Vol. V. The Strike, and Jonas Clint, by the Rev. R. King; 
Two to*One, and FaUe Hona&r, by the Rev. N. Brown. 

Vol. VI'. ‘Railway Accident, by the Rev. J. M. Neale; The 
Recruit, Susan, Servants’ Influence, Mary Thomas, or Dissent at 
Evenly, by the Rev. E. Monro ; Caroline Elton, or Vanity and 
Jealousy, by the Rev, H. Hayman. 

Each Voluble is bound as a distinct work , and sold separately . 


Crown 8 vo., in roan, izs. ; calf limp antique, i6x. f ; morocco, i&r. 

j^rbitt-IBnok of’tlje GHjnrrlj 
of (Snglantr. 

In this New Edition the Lessons appointed for the Immove- 
able festivals are printed entire in the course of the Daily Lessons 
where they occur. For the Sundays and Moveable Festivals, 
and for the days dependent on them, a table containing fuller 
references, with the initial words and ample directions where 
the Lesson may be found, is given. Where the Lesson for the 
Moveable Feast is not included entire amorigst the Daily Les- 
sons, it is printed in full in its proper place. Also in the part 
containing Daily Lessons, greater facilities have been pro . ided 
for verifying the references. 

There are also many modifications in the arrangement, 
wherein this Service-book differs from the Prayer-book : the 
Order for the Administration of the Holy Communion is printed 
as a distinct service, yvith the Collects, Epistles, a?d Gospels, 
which belong to the same ; the Psalms immediately follow Daily 
Morning and Evening Prayer othe Morning and Evening Les- 
sons also are by this arrangement brought nearer to the Service 
to which they belong, while the Occasional Offices are trans- 
ferred to £he end of the book. 

OXFORD and l&NDON : PARKER and CO. 







